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PREFACE 



In the following work the elementary principles of Algebra 
are derived and illustrated by a carefully arranged system of 
mental and written exercises. These exercises are generally 
devised to perform a double office. They give practice in the 
subject immediately in hand, while they introduce methods 
and suggest principles which are to follow. By this means 
definitions and principles are usually only generalizations of 
the preceding work, and require no special formal demonstra- 
tions. With the exception of the Binomial Theorem, which 
is amply illustrated and explained, no principle is introduced 
not easily derived from preceding work or simple explanation. 
The principles of •Arithmetic are never extended to algebraic 
operations, the author believing that Algebra should explain 
Arithmetic, rather than depend upon it. 

The Mental Exercises form an important and original 
feature. Nearly all the easier examples are given in this way, 
and are intended to be worked mentally before the recitation, 
and to be performed in the class-room, orally or mentally, 
with the book open before the student. On account of the 
little time required for their solution, more examples have 
been introduced than would have been possible were the slate 
required. They give the teacher a superior opportunity of 
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testing the knowledge of his class, and of drilling them 
thoroughly on important and difficult points. By such exer- 
cises the student acquires a facility in mental operations which 
is essential to rapid work in all the more advanced part. 

From the nature of the treatment fherfe is an almost con- 

« 

tinual review. As soon as one operation is understood, its 
application is extended to everything that the student has 
previously learned. Thus, most of the subjects are presented 
two or more times. But each, somewhere, receives an ex* 
haustive handling. 

Questions on the explanations-, principles, and methods of 
work have frequently been introduced. These are intended to 
call important points to the student's mind, and compel him 
to frame in words those reasons which he has understood, but 
which are liable to be forgotten if not carefully enunciated. 

The answers to the examples are all given in an Appendix, 
which can be omitted when desired. Their absence from the 
pages gives the pupil greater self-confidence, and ensures more 
carefiil work, especially at the blackboard. 

In all classes in Algebra some students are found to be 
slower than others, which is often & serious fiinderance to the 
advancement of the class. It is believed that general uni- 
formity of progress can be secured by the use of the present 
book. The arrangement and explanations are such as will 
give to the average student an unusually clear perception 
of the principles of the study, while the duller ones will 
obtain sufficient facility to perform the examples, and by 
the continual practice gain as much real understanding of 
the principles as they are capable of acquiring. 
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JSEMABKS TO STUDENTS. 



In working the examples, use the answers given in the 
Appendix only to find whether the work has been correctly 
done. After the first one or two examples in each exercise 
have been solved correctly, work several at a time before 
comparing the results with the answers. If any are wrong, 
do them again. 

In solving the mental exercises, do not look at each answer 
in turn, but write down on slate or paper all the numbers 
of the examples in one set, and place opposite to them the 
results^— obtained mentally if possible — and then compare the 
column with the column of printed answers. 

Pay careful attention to all the reading-matter. Nothing 
is put in but what is of use in the work. 

Try to understand the reqsons for everything, 

8 



Elementary Algebra. 



PABT I. 
FUNDAMENTAL OPERATIONS AND FACTORING. 



SECTION I. 

PRINCIPAL SIGNS. 

1. The calculations performed by Algebra differ from those 
of Arithmetic in two important points ; first, because in the 
former the simpler operations, such as Addition or Multipli- 
cation, are often indicated by eigne; and secondly, because 
letters are used to represent numbers. The advantages of 
these are that they make the work easier and shorter. 

2. Operations of Addition are indicated by the sign + , plus. 
Subtraction is indicated by the sign - , minus. Multipli- 
cation is indicated by the sign x ; Division by the sign -*- ; 
and an equality by = . These are the signs that are most 
frequently used. 

2 + 5 is read 2 plus 5, and means 2 added to 5. 

6 - 3 is read 6 minus 3, and means 6 less 3. 

5 x 4 is read 5 multiplied by 4. 

14 -i- 7 is read 14 divided by 7. 

9 - 4 = 5 is read 9 minus 4 equals 5, or 9mm#4$s,equal 
to 5. 
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SECTION II. 

REPRESENTATION OF NUMBERS BY 

LETTERS. 

Remark. — The examples in Part I. are intended to be performed 
mentally by the student in the class, with the book open before him, 
except where it is especially stated otherwise. In preparing for the 
recitation he can work them on the slate if necessary. 

3. Let the letter a stand for the number 3. Then a + a 
means 3 + 3, or 3 added to 3, which equals 6. a + a + a means 
3 + 3 + 3, which equals 9. a + a + a + a = 3 + 3 + 3 + 3, and 
3 + 3 + 3 + 3 = 12. 

Now, let 6 stand for 4, then 6 + 6 = 4 + 4, and 4 + 4 = 8. 

In the same way let the following examples be done : 

1. If 6 stands for 4, what does 6 + 6 + 6 equal? 

2. What does 6 + 6 + 6 + 6 equal ? 

3. If c stands for 5, what does c + c + c equal? 

4. What does c + c + c + c + c equal ? 

We may use two letters in the same example. 

Example. If a stands for 3 and 6 for 4, what does a + a + b 
equal? 

OPERATION. 

a + a +6=3+3+4 
3 + 3 + 4 = 10 

5. What does a + 6 + 6 equal ? 

6. What does a + a + a + 6 equal ? 

7. If c stands for 5, what does a + a + c equal ? 

8. What does a + a + 6 + c equal ? 

9. What does a + 6 + c + c equal ? 
10. What does a + a + c + c equal? 
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SECTION III. 
COLLECTING. 

4. a + a + a indicates 3 a's added together, and may there- 
fore be more shortly expressed by 3 a, where the 3 means that 
there are so many a's added together. In the same way, 
6 + 6 + 6 + 6 + 6 indicates 5 6's added together, and is rep- 
resented more conveniently by 5 6. These numbers, 3 and 5, 
and other numbers similarly placed before letters, are called 
coefficients, and show how many times that letter, or the 
number which the fetter represents, has been taken and added 
together. 

Since 5 6's added together give a result equal to 5 times 
one 6, the expression 5 6 equals 5 times 6, or if 6 stands for 4, 
5 6 equals 5 times 4, or 20. Hence, to find the value of 56, it 
is easier to regard it as meaning 5 times 4 than five 4's added 
together. The multiplication is more easily performed than 
the addition. The operation of putting numbers in place of 
the letters which represent them is called Substitution. 

Letting a, 6, and c stand for the same numbers as before — 
that is, letting a - 3, 6 = 4, and c — 5 — find the values of the 
following expressions : 



1. 4a. 


4. 76. 


7. 6c. 


2. 56. 


5. 3c. 


8. 96. 


3. 6 a. 


6. 5 a. 


9. 12 a. 



These methods enable us to perform the examples in Art 3 
more briefly. Thus : 

Example. What does 6 + 6 + 6 + 6 equal ? 

OPERATION. 

6+6+6+6-46 
46 = 16 
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Example. What does a + a + a + b + b equal ? 

OPERATION. 

0H-<a+<a + &*£-* la* 2b 
3a + 26 = 9 + 8 

Tire student will perform tficwork in the elm tfeasi * + * 4- a 
+ i + 6 equals 9^4 26. 3a 4- 2* equals d +-8, and d+<8 
equals IT. 

*x — 2, A -» 4, aid < *= & 

In the same way find what the following expressions equal : 

1. a + a + c + c + c. 4. a + a + b +<& 

2. & + £+£+£ + & &.#i*-.6+£ + c. 
v3. + i+i. 6. # + ,& +£ +& 

Since a, 6, and £ <can stand for any numbers, find the values 
of the following expressions, letting 

•« « $, -6 «* 3, and »c » L 

Illustration. 4 a = 20 and 7 b + 8 c = 29. 

9. a + a + 6+6+J. 

10. a + 0+^ + i?+,£+& 

11. a + a + 6 + c + c. 

12. 6 + 6 + 6 + c + c + c. 



L So. 


5. <2<a + 46. 


2. 46. 


6. 36 + 5c* 


3. 7 c. 


7. 9 a + 6 + c. 


4. 66. 


B. 3a + 26 + 2c. 



5. The operation of placing the foregoing expressions in 
the shorter form is called .CtoUeerta&g* 

In collecting a + a + a + 6 + 6, since there are S-o's and 2 #8, 
the result would have been the same had the like letters not 
been placed together. Thus,a + a + a + 6 + 6, a+tx + i + a + 6, 
and a+6 + a + 6 + a are All equal to each other, for in each 
there are 3 a's and 2 £'s addsd together, and collecting each 
would give us 3a + 2 J. 
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: Ato, w+b+a+b + h-la + tb, 

4 and a 4fr+ <r + a + h + a -3a + 25 + *. 

< 

Collect the following. Il ig not necessary in ttae ewes to 
find the numerical values : 

1. a + a + c + c + a. 7. 6 + c + a + 6 + a + c. 

2. a + 6 + 6 + 6. 8. c + a + 6 + 6 + c." 

3. 6 + c + ft + c. 9. a + 6 + c + 6 + S + 6. 

4. a + a + 6 + c+i + i + a. 10. a + 6 + c + c + 6,+ c. 

5. a+a+ft+c+ft+a+c 11. c + ft + a + a + 5. 

6. a + 6 + c + a + c + ft + a. 12. a + a + c + c + c + a. 

, We may use any other letters, and if we wish only to col- 
lect them, and do not care to find the numerical values of the 
expressions, it makes no difference if we do not know what 
numbers they represent* 

Thus, x + x + x + y + y=*3x + 2y, 

a + a + a> + y + x + a + y - 3a + 2x + 2y. 

Collect the following, taking the letters in their alphabetical 
order r 

1. x + x + x. 12. a + y + a; + a; + y + a. 

2. a + a + a + y + y.' 13. c + 6 + 6 + c + a + &. 

3. 6 + y + 6 + y. 14. a -f x + x + a '+ a? + x. 

4. a + a + x + a +.& 15. y+b + y + y + b + b. 
5»a + 6 + x + a + x. 16. ra + n + m + x + m. 

6. 6 + c + c + y + c. 17. c + x + c + c + y + c. 

7. c + x+fc + y + a 18, a + y + y + a + 6 + a. 

8. £ + y-fa + x + a. 19. y + x + x + x + y + y. 

9. a + m + m+a. 20. c + m + n + c + c. 
10*<? + x + a + x + d 21. m + # + m -f a + a. 
11. m + n + m + x + n + x. 22. <? + a+x + y + a + m. 
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6. Because 3 a means 3 a's added together, and 5 a means 
5 a's added together, their sum will evidently give 8 a's ; hence, 
3a + 5a-8a, Also, for the same reason, 26 + 36 - 56, 
6c + 8c-14c, 9a + 2a« 11a, 56 + 6 -66. 

Collect in this way the following : 

1. 2a + 7a. 7. 3c + 4c + 2m. 

2.56 + 96. 8. 4a + 2a+5c + 2c. 

3. 4s + 2s. 9. 56 + 2 6 + 3x + 6a;. 

4. 5c + 3c. 10. 8m + 3m + 5y + 4y. 

5. 9y + 3y. 11. 3c + c + y + y. 

6. 4m + 3m. 12. 4a + 2a + a + 36 + 6. 

It makes no difference in what order the letters come. We 
wish to find how many there are altogether. Thus, 3a + 2c + 2a 
means 3 a's, 2 c's, and 2 more a's added together — that is, 5 a's 
and 2 c's — and therefore equals 5 a + 2 c. 

Also, collect in this way the following : 

1. 2a + 36 + a + 26. 4. 3a + 36 + 4a + 26 + 2c. 

2. 4c + 2$ + 3c + 7a;. 5. 8a + 2a? + 3a + 5a;. 

3. 56 + 2y + 3y + 66. 6. 7m + 2y + 3m + 4y + m. 



SECTION IV. 
EQUATIONS. 

7. We have found the values of various expressions when 
we knew what numbers the letters stood for. It is more com- 
mon, however, to have occasion to find the numbers that the 
letters stand for, when we know what the whole expression 
equals. 

If x stand for 4, we find that 3s + 2x « 20. Now, if 
we know that 3x + 2x = 20, can we find what number x 
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stands for? We know that 3x + 2x - 20. Collecting, we 
have 5 a; = 20. Now, if 5x's = 20, one x, or simply x, must 
equal one-fifth of 20, or 4 ; we therefore simply say, Dividing 
by 5 we find x = 4. 

8. The statement 3 x + 2 a: = 20 is called an equation. 
The word equation means literally, " a making equal" The 
part of the equation on the left side of the equal mark is 
called the first member of the equation. The other part is 
called the second member. 

In the next two examples the student will pay close atten- 
tion to the explanations. Let other similar examples be ex- 
plained in exactly the same manner, except where the teacher 
wishes all the work to be done mentally and only the result 
spoken. 

Example. Find the value of x when 

4x + 5a; + 2x = 33. 

Collecting the first member, we have 11 a; = 33. 
Dividing by 11, we find x = 3. 

This result may be proved by finding what the expression 
4x + 5x + 2» does equal when x — 3. We find 4z + 5x + 2z 
-12 + 15 + 6, and 12 + 15 + 6 - 33. In the same way, we 
may always find whether we have the right value for the letter. 
We put this value in place of the letter in the first equation, 
and see whether the two members are equal. If they are not 
equal, some mistake has been made, and the work must be 
done again. 

Finding the values of letters in an equation is called solving 
the equation. 

In solving the preceding equation two operations were 
performed, viz. : Collecting and Dividing by the coefficient of 
x (or y). 
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Example. Find the value of y when 

^2/ + %y + y = 7 + 4 + 1. 

Collecting both members, we have 6y = 12. 
Dividing by 6, we find y = 2. 

Proof. Substituting 2 for y in the first equation, we hatfe 

4 + 6 + 2 = 7 + 4 + 1, 
Collecting, 12 - 12. 

The following equations may be solved both menially and 
in toriting: 

1. Find the value of x when 6x + 2x - 32. 

2. Find the value of y when 2y + 5y = 21. 

3. Find the value of x when 4 £ + 3 x = 56. 

4. Find the value of y when 7 y + 3y = 62 + 8. 

5. Find the value of y when 2/ + 2y + 2?/ = 19 + 6. 

6. Find the value of x when 4a: + a: + 4a: = 32 + 4. 

7. Find the value of y when Zy + 2y + 2 2/ + y + 3 3/ - 55. 

8. Find the value of x when 2x + 4x + 3 a: - 17 + 1. 

9. Find the value of x When 3a; + x + 2ar = 30 + 2 + 4. 

10. Find the value of y when 82/ + 5y = 20 + 6. 

11. Find the value of y when Sy + 2y = 28 + 2 + 5. 

12. Find the value of y when y + 2y + 2y = 1 + 16 + 3. 

13. Find the value of x when 4a + 2x + 3 a: ■ - 9 + 6 + 3. 

14. Find ths *alue of x when 10* + bx - 41 + 4. 

15. Find the value of x when 20 x + 4 £ =» 40 + 8. 

16. Find the value of x when 2s + 2x + 3 a: - 1 + 20. 

17. Find the value of x when 9a: + 2x - 90 + 1 + 8. 

18. Find the value of x when bx + 2x + 2a? - 52 + 2. 

19. Find the value of x when 3a: + 2a? + x - 30 + 6. 

20. Find the value of y when 92/ + y+22/-=8 + 40. 
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SECTION V. 
COLLECTING (Continued). 

9. What is the difference between 8 a and 3a? 

It is evident that if we take 3 a's from 8 a's we will have 
5 a's left. We here have subtracted 3 a from 8 a, and since 
the sign — indicates subtraction, we say 8a-3a = 5a. For 
the same reason 76 - 46 = 36. These operations are also 
called collecting. 

EXAMPLES. 

Collect in this way the following : 

1. 6c - 4c. 5. 9y - 7y. 

2. 9x- bx. 6. 10a - 4a. 

3. ly - 2y. 7. 8m - 3m. 

4. 86- 66. 8. 12a; - 9x. 

Let us now subtract both 3 a and 2 a from 7 a. We would 
have 7 a less 3 a and less 2 a, which we may express thus : 

7a - 3a - 2a; 

and since both 3 a and 2 a, or 5 a, are to be taken from 7 a, 
there will be left 2 a. 

We would perform the operation thus : 

7a-3a-2a = 7a-5a 
7a — 5a = 2a 

Collect 6c + 3c- 4c- 2c. 

Explanation. Here both 4 c and 2 c are to be taken from 
the sum of 6 c and 9 c. 

OPERATION. 

6c + 3c -4c - 2c - 9c - 6c 
9c-6c = 3c 

2* B 
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In the same way collect the following : 

1. 7c -2c- 3c 6. ly + Zy -2y - Ay. 

2. 8z-Sx - x. 7. 56 + 66 - 86 - 26. 

3. lOy - Zy - 4y. 8. dy + 4y - 3y - 63/. 

4. 12m- 2m- 5m. 9. 46 + 26 + 36- 56. 

5. 4a + 5a-2a- 3a. 10. 7a + 5a-3a-4a-2a. 

It makes no difference in what order the parts come. 
36 + 46-26 and 36 - 26 + 46 both equal 56. Also, 

6a - 2a + 4a- 3a - 10a- 5a 
10a - 5a=- 5a 

11. 9y- iy + 2y. 14. 8a - 9a + 7a - 2a. 

12. 4m- 5m + 9m. 15. 2c + 4c - 5c + 3c. 

13. 66 - 36 + 26. 16. 9y - Sy + Zy - 2y. 

Two or more letters may occur in the same expression. 
These are collected separately, because they stand for differ- 
ent numbers. 

Ex. Collect 10c - 36 + 4c - 5c. 

OPERATION. 

10c -36 + 4c - 5c = 14c -5c -86 
14c -5c -36 -9c -36 



Collect the following expressions : 

1. 4a + 36 + 2a - 26. 7. 5a + 4a - 3a + 6. 

2. 5c - 2a + 4a - 3c. 8. 9x - 5y + ly + 4x. 

3. 4c + 3c -46. 9. 46 + 3a + 56 + 2a. 

4. 46 -3c + 26 + 4c. 10. 2m + Zx - x + 3m. 

5. 106 - 2a- 3a + 46. 11. 8a + 46 - 4a- 26. 

6. 4c + 3a - 26 - 36. 12. 9y - 2y + 3x - y + Zx. 
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Ex. If a - 3, what fa the value of 2a + 5a - 3a? 

OPERATION. 

2a + 5a-3a= 4a 
4a- 12 



What is the value of the following if x - 5? 

1. 4z - 2x + x. 4 3x + 5a? - 2a? - x. 

2. 8x - Sx - 4x. 5. 10a; - 3a; - a; - 2x. 

3. x + 5x - 2x - 2x. 6. Sx + 2s - x - s. 



10. What does * equal when 4a; - 2x - 7 + 5? 

OPERATION. 

Collecting both members, 2 a; = 12. 
Dividing by 2, we find x - 6. 

-ftvqf. Substituting 6 for z 

in the first equation, 24—12-7 + 5. 
Collecting, 12 - 12. 

Solve the equation, 6y + 3y - 2y = 36 - 1. 

OPERATION. 

Collecting both members, 7 y - 35. 

Dividing by 7, we find y - 5. 

/too/*. Substituting 5 for y 

in the first equation, 80 + 15 - 10 - 86 - 1* 
Collecting, 35 - 85. 

Solve in uniting the following 

EQUATIONS. 

1. 4x + 2a;- 3x« 18. 

2. 9y- 6y + 2y *89 -4. 

3. 3x + 4x-x-5a; = 7+3. 
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4. 8s - 2s + 4x- 5x = 22 + 3. 

5. 4x - 7 - 8 + 9. 

6. lOy - 2y - 4y = 3 + 9 - 4. 

7. - 2z + 4s + 3s - 30 - 2 - 3. 

8. 7y + 42/- 82/ = 20 + 10-3. 

9. 12y - 92/ + 32/ - 25- 1. 
10. a; + 5a; - 2« = 8 + 30 - 10. 



SECTION VI. 
PRODUCTS OF LETTERS. 

11. If ft = 4, 3 ft means 3 4's. Now, if a - 3, 36 could 
be expressed by oft, which would mean ft taken a times, or a 
times ft. With the above values it is evident that oft - 12. aft 
then means a times ft, or a and ft multiplied together, or a x ft. 
Therefore, when two letters are written together it means that 
the number represented by one is to be taken as many times as 
is indicated by the number represented by the other, and is 
therefore iqual to the product of the two numbers. 

If c = 2 and m = 5, cm = 2 x 5, and 2 x 5 — 10. 
If a - 6 and x - 4, ax = 24. 

EXAMPLES. 

1. If ft -3 and y = 12, what does by equal? 

2. If c — 7 and x = 9, what does ex equal ? 

3. If a — 8 and m — 4, what does am equal ? 

12. As ftm means ft times m, so abm means a times ftm. 
Hence, to find the value of abm we multiply the value of m 
by that of ft, and the product by that of a. It makes no 
difference, however, in what order the factors are taken. 
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EXAMPLES. 

What are the values of the following expressions when 
a = 5, 6 = 4, c - 2, and z = 1 ? 

1. a6c. 4. aa. 7. after. 

2. 6x. 5. aab. 8. a6ce. 

3. acx. 6. ace. 9. a6zx. 

13. Since aaaa equals the product of 4 a's, it is usual to 
express such a product by writing a small 4 at the upper right- 
hand of the letter, thus a*. This is read a fourth. The small 
4 is called an exponent, and indicates that 4 a's are to be mul- 
tiplied together. So 6 s is the same thing as 66666, and means 
the product of 5 6's. 

Instead of writing oa, we write a*, and call it a square, be- 
cause it means a multiplied by a, and a quantity multiplied 
by itself gives its square. So aaa is written a 8 , and is com- 
monly called a cube, aaaaaa is written a 6 , and is called a 
sixth. 

aabbb is written a*6 8 , which is read a square, b cube. 

abbcccc is written ab 2 c*, which is read a, 6 square, c fourth. 

axxax is written aV, which is read a square, x cube. 

Express the following quantities in this shorter way : 

1. aabec. 6. aammx 

2. dbbxx. 7. aaabbxxxyy. 

3. aabbbx. 8. aabbaaexc. 

4. bbexx. 9. bebebyy. 

5. beexxx. 10. aammammn. 

Question. — If c — 2, what is the numerical value of c* ? 

OPERATION. 
C* ="= C X C 

c x c « 2 x 2 
2x2 = 4 
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What is the value of c*? 

OEBKATIOV. 

c 8 - ccc 
ccc = 8 

If a = 3, what does a 2 equal ? what does a* equal ? 
If 6 = 4, what does 6 2 equal ? 

EXAMPLES. 

What are the values of the following expressions when 

a = 3, 6 = 4, and c - 2? 

1. a 2 6. 5. a 2 6c. 9. 4 c*. 13. a* + a. 

2. a6 2 . 6. afo*. 10. 2 ac 2 . 14. a6 - a*. 

3. a 2 c. 7. 5 a 2 . 11. aV. 15. c + d 

4. a6c. 8. 7 6c. 12. ac 8 . 16. 6* - 6. 

14. If a - 2, what does 3a* equal? what does 3a equal? 
These are not the same ; 3 a 2 means 3 times the value of a mul- 
tiplied by a. 3 a means only 3 times the value of a. Hence, 
as a 2 and a do not at all represent the same number, we can- 
not collect them into one quantity. 3 a 2 + 3 a cannot be col- 
lected further, neither can 2 o6 • + 3 6, unless we use numerical 
values. Hence, only those quantities can be collected which 
have their literal parts exactly alike. These are called sim- 
ilar quantities. Thus, 2a 2 + a + 3a? = 5a 2 + a. 

EXAMPLES. 

Collect the following expressions : 

1. 6 2 + 26 + 36 2 . 8. 9a*y + 3a 2 y - 5a 2 y. 

2. a6 + 26 2 + 36\ 9. 7 an/ - 4xy + 4^ - 2y*. 

3. o6 + 6 2 + 3a6+26 1 . 10. 3a 2 + 46 - 2a* - 26. 

4. a6c + 36 , + 2a6c+6*. 11. 6aj 2 + 3«- 2»*- 2x. 

5. Sax + 4ay + 2ax + ay. 12. 7m* - 4m - 3m 2 + 6m. 

6. ty + y + Sy + tf. 13. a 2 - 26 + 46 2 . 

7. 5s 2 + 2s 2 -3s 2 . 14. 4c 8 + 3ac s -2c 8 -ac s . 
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fiECTION VII. 
DEFINITIONS-COLLECTING (Continued). 

15. The parts of an algebraic expression which are con- 
nected by the signs plus or minus are called Terms. Thus, in 
the expression 4 a 1 + 2 ab - b* there are three terms, 4 a\ 2 ab> 
and b\ 

16. Where an expression has one part — that is, has no 
sign, + or - , except before it — it constitutes one term, and 
is called a Monomial; as, a, 4 ax, and - J)afyV. 

17. When an expression has more parts than one, connected 
by plus or minus signs, it is called a Polynomial; as, a - b, 
2mn + 3n*, and a 9 - 3 cfx + 3aa? - of. 

18. A polynomial with two terms is called a Binomial ; 
as, a + b, Sx - y, and 6aa? + 12ac*2/. 

19. A polynomial with three terms is called a Trinomial ; 
as, a* - 2 ab + b* and 3 a'x + cfxy - x\f. 

Other polynomials with more terms have no distinguishing 
names. 

20. Let us now collect 4y - 7y. It is very evident that 
7 y*s cannot be taken from 4 y's. But we can take 4 of the 
7 y's from 4 y. This would still leave 3 tfs to be subtracted, 
but with nothing to subtract them from. We indicate this 
result by writing a minus sign before the 3y, thus: - Sy; that 
is, 4y- ly 3i/. 

If we subtract 4 y from 7 y 9 there is left remaining of the 
minuend 3 y. If we are asked to subtract 7 y from 4 y, after 
we have subtracted all we can, there is left of the subtrahend 
3 y. Now we will indicate that this remainder is a part of 
the subtrahend by prefixing the sign - to it. 
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In the same way we will subtract the following : 

Minuend, 9 4 

Subtrahend, ^4 9 

5 -5 

If we take 4 from 9, there is left of the minuend a remainder 
of 5. If we try to take 9 from 4, there will be 5 of the sub- 
trahend left unsubtracted, and it is marked — 5. 

EXAMPLES. 

1. A boy goes to a store and buys a ball worth 15 cents. 
He finds on opening his pocketbook that there are only 12 
cents in it. As he cannot take 15 from 12, he pays 12 cents, 
and still owes 3. We would express his financial condition 
by - 3. That is, 3 cents must be taken, or subtracted, from 
his next money to pay his debt. 

2. A farmer goes to town, and sells to one man 3 dollars' 
worth, buys of another 2 dollars' worth, sells to another 4 
dollars' worth, and buys of another 7 dollars' worth. Before 
starting out again to settle he examines his account. How 
will hfe come out? 

There are + $3 - $2 + $4 - $7 - + $7 - $9. $7 - $9 

= - $2. That is, he would be 2 dollars short. It does not 
mean 2 dollars less than nothing, but that 2 dollars must be 
paid from some other money. 

3. The water in a certain reservoir rose in one hour 7 inches ; 
it fell the next 5 inches, it rose 2 the third, and fell 6 the 
fourth. How much had it changed? 

Calling the rise of water + and the fell - , we have 

+ 7-5 + 2-6= +9-11 
+ 9 - 11 - - 2. 

That is, the water fell 2 inches. 

4. A boy rows up stream 15 yards, then stops to rest and 
drifts down 12 yards, then rows again 10, but gets caught by 
the swifter current and is carried down 16. How far is he 
from his starting-place ? 
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5. He pulls his boat up and starts on again. He first drifts 
down 7 yards, then rows up 12, then drifts down 8 and rows 
up 10. Where is he then? 

21. A quantity or term which has a minus sign before it is 
called a minus or negative quantity or term. One which has 
a plus sign before it is called a plus or positive quantity or 
term. Where no sign is expressed the sign + is understood. 

All quantities are regarded as either positive or negative. 
Positive terms are to be added to whatever other quantities 
they are attached, while negative terms are to be subtracted. 

We cannot always tell from what a negative term is to be 
subtracted any more than a man can always tell with what he 
is going to pay his debts. We must, however, indicate the 
real character of the term. 

22. When there are several positive and negative terms to be 
collected, we add together the positive or added terms, and also 
the negative or subtracted terms. We then take the difference of 
these sums and give it the plus or minus sign, according as it is 
the remainder of the added terms or of the subtracted terms. 
That is, we give it the sign of the greater quantity. 

Thus, 5a-8a = -3a, 4x-9z= -5 a;, 

10 ay - 12 ay = - 2 ay. 

EXAMPLES. 

Collect the following : 

1. 3 y - 7 y. 7. 5 amx - 8 amx - 3 amx. 

2. 1z- 9z. 8. 12a6c - 9abc - 36. 

3. 8a -3a. 9. 7 afy - 3afy + 4 a - 6 a. 

4. 4 ay + 2 ay - 8 ay. 10. 8 a + 4 b - 6 a - 7 6. 

5. 7 m* - 9m 2 + 4ml 11. 5x* - 8x 2 - 4ab + 2ab. 

6. 9a s + 3a s - 8a 3 . 12. - 2ab 2 + 5a6 2 + 4b*c - 9b ? c. 

3 
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SECTION VIII. 
ADDITION. 

23. Addition, in Algebra, is the operation of finding the 
sum of two or more separate algebraic expressions. It differs 
from Collecting, because that means uniting the terms of one 
expression into their smallest possible number. Thus we say, 
Colled 4a - 2a, or Sax - 2o? + 4ax + 5a?; but we say, Add 
4a and -2a, or add Sax - 2a* and 4ox + 5a?. These last 
would be written out thus: 

4a Sax - 2a? 

- 2a 4ax + 5a? 

Sum, 2 a 7 ax + 3 a? 

Where there are several expressions to be added, they are 
usually placed under each other, with the similar terms in the 
same column. These are then added together precisely as 
they would have been collected had they been in one expres- 
sion. The results of the separate additions connected by the 
proper signs give the whole sum of the expressions. 

EXAMPLES. 

Add the following : 

1. - 4a 2. -7aa; 3. 4o6 4. 6m f n 

6a Sax - 2ab - 4m 2 ?i 

— 2a 3ase 4a6 — Sm 2 n 

3a - 6 aa; —lab — 5 m 2 n 



y 



5. Sxy + 2y* 6. 4oa; + 3a? 7. 5a 2 xy - 5x 2 y 

- 2xy - Sy 2 ax + 2a? - 3a 2 a^ + 4x 2 y 

4xy — Sy 2 — Sax — 4a? a 2 xy - 2x 2 y 2 



ADDITION. 
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Although it is generally best to pot in one column the terms 
which are similar in regard to their letters, yet they do not 
always come so arranged. We must then select out the sim- 
ilar ones and collect them as before. 



Thus, 



3a 
46 



3a + 46 



5x 

-2s 
3x + 3y 



4a + 36 
26 - 2a 

2a + 56 



Add the following : 



1. 


m* 


2 


• 


3c»d 3. 8y* 


4. 


7xz 5. Zahj 




4m 






-4cd -3y 




W Say* 




-3m 






5eW -6y 




- 5xz — 2ay 




5 m* 






8erf - 5jf 




4«* - 4ay 


6. 


x + y 






7. 4z* + Ztf 


8. 


4a f + 3a6-26 f 




y + x 






2s - 2s 2 




26c +3a f - a6 


9. 


2a + 7 


c + 


4 


m 10. 5s* + 3s 


-2 


11. 2am + 3m* 




m- 

* 


a + 


3 


c 4 -3a? 


+ 2a; 


4m 1 + 26m 1 


— 


be +2 


m- 


4 


a -6 + s* 


• 


56m* 



12. 56*cs + 4c*s + y* 

- 7b*cx - (fx + 5y* 
46*cs + %&% 

- 6*cc - 4g*s — 4y* 



13. 5 m* + 6mn + nx 

— 2 m* + 3mn + 2nx 

— 4m* — 5mn - 2ws 
3 m 1 — 2mn — 4 nx 



' Let the following be performed in writing : 

14. Add 7mt/' + 3a*s - 4m* + 3, 2a*s + 3m* - 4 + 5my*, 
and - 6 — 4 m*y + 2 my* — 9 cfx. 

15. Add 4o6^ + 8o6*c - 6a'6c, - Zah? + 2a6 2 c + 4a'6c, 
and 2 ab<? - 7 o6*c - 4 a*6c. 
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16. Add 6ra 8 n - 4mW - 8mn 8 , - 5m*n + 7mV + 6mn ! , 
and 2 m 3 n - 2 m V + m?i 8 . 

17. Add 12**- dtfy + Gy", - 7s 8 - 2afy - 6y*, 4s 8 
- 5afy + 7^, and - 31c 8 + 4zfy- 9y\ 

18. Add - 26Vs + 46V - 36 4 c + 5x», 56Vz - 26V - 76 4 c 
- 2s 2 , 66V&- 46V- 26 4 c- 62;', and 6Vz + 36V + 46 4 c - Sx\ 

19. Add 9a 8 + 7x* - 3z, 5i* - 4o 8 + 2z, 6a 8 - 4c - 3z*, 
and 5 x 2 + 3 y + 2 a 8 . 

20. Add 2a6cx* - 3a 2 6ca; + 2a6 8 c, 5a 2 bcx + 4 obex* - 3a6 8 c, 
and 9 a6 8 c - 11 obex 2 + 8 a*6cx. 



24. Addition in Algebra we see to be different from addition 
in Arithmetic. In Arithmetic the simple sum is wanted ; there 
are no signs to be considered. But we may have four com- 
binations of signs in Algebra : 

in. IV. 

The sign of the The sign of the 
greater +. greater — . 

+ 8c -9y 

- 3c by 

+ 10& - la k 5c ~ 4y 

For Addition in Algebra we have therefore the general 

Mule* — When the signs of similar terms are alike, add their 
coefficients, and give to the result the same sign that both terms 
had before. When the signs are different, find the sum of the 
positive terms, and also of the negative terms, and take the differ- 
ence of the two coefficients of these sums, and give it the sign of 
the greater. 

In algebraic addition, therefore, we have to perform arith- 
metical subtraction as well as arithmetical addition. 



I. 


II. 


Both signs + . 


Both signs — . 


+ 7x 


— 5a 


+ 3s 


- 2a 
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■ 

SECTION IX. 
MEANING AND USE OF (called Zero). 

25. The symbol is called Zero in the higher mathematics. 
In Arithmetic it is often called Naught. Zero is, however, 
preferable. It has two meanings: 

I. When it stands by itself, as 0, or 4 - 0, it denotes absence 
of numerical value. It may be said to mean no number or 
none. It seldom means nothing, and should never be so called. 

II. When it is used with other quantities in the same term, 
as ox, or 3 a V, it means not any, or no. Thus, ax means 
not any ax, and may be read no ax. 

Illustrations. If a farmer has 7 sheep, and sells 4 to one 
man and 3 to another, how many has he left ? 

Solution. 7 sheep — 4 sheep — 3 sheep = sheep (read no 
sheep), or, 7-4-3 = (read zero). 

The farmer, therefore, has no sheep, or none. But we can- 
not say that he has nothing, for he may have other animals. 

If a boy finds 3 chestnuts and eats 2, then finds 5 and eats 
6, how many has he? 

Solution. 3 nuts - 2 nuts + 5 nuts - 6 nuts - 8 nuts 
- 8 nuts «■ nuts, * 

or, 3 - 2 + 5 - 6 - 0. 

The first result, nuts, means no nuts ; the second result, 0, 
means none. We cannot say that the boy has nothing, for he 
may have other things. 

If a - 5, 3 a equals 5 taken 3 times, which gives as a 
product 15. But a equals 5 taken no times, which gives 
no product, or 0. Therefore, a = (read no a = zero). 

5 y + *= 5 y ; that is, 5 y increased by no number = by. 

3 ax — ax — 3 ax ; that is, 3 oz diminished by ax = 3 ax. 

9 a - 9 a = ; that is, 9 a diminished by 9 a = a = 0. 
3* 
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SXAMFUD8. 

Collect the following expressions : 

1. 3a; + 0. 5. 7a? -0a?. 9. 4a? + 3a; - 4a?. 

2. 0y + 4y. 6. 5* -6a;. 10. lab - 26 s - lab. 
3.0 -7a?. 7. - ly + 4y + 3y. 11. 3y-3y + 4y. 
4.-32/-0. 8. 4a#-4a#. 12. - Sax + a? + 8aa. 

26. The sum of two equal quantities with contrary sign, as 
6 ax and - 6 ax, is 0, and the two quantities may be cancelled 
in any expression or addition example in which such occur. 
The symbol is not expressed unless all the terms cancel 
out. This is illustrated in the following additions: 

- 4y 8a 5x + 2y - 2a6 + e &a-x 

4y - 3a 3as - 2y 2ab - 5c - 3a + x 



Sum, 





8a; -4c 









EXAMPMS8. 




Add the 


following' 


■ 




13. 


14. 


15. 16. 


17. 


ax 


Ixy 


-4y* 8a6 


6ay - 33/* 


- ax 


-ivy 


4jf -8a6-5 g 


2ay + 3y* 


18. 




19. * 


20. 


3a; + 4y 


3a a 


-406-26* -2mn 


- 4n* + no? 


2a;- y 


-2a a 


+ 3a6 + 56" - 4nm 


+ 3n* - 8na; 


s-3y 


- a» 


+ 3a6-36* 6tnn 


+ n* + 2na; 



Ex. What quantity must be added to - 5y* to give 0? 

Solution. 5tf, because - 5^ + 63/* *» 0. 

To give 0, what quantity must be added to each of the fol- 
lowing? 

21. 3oa;. 23. 5y*. 25. Ixy". 27. 6o6c. 

22. - 8xy. 24. - 10o6. 26. - 4a?y. 28. 9aa?. 
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Ex. What two quantities must be added to — Aay to give 
first 0, then 3 ay? 

Solution. Adding 4 ay to — 4 ay gives 0. Adding 3 ay to 
gives 3 ay. Hence, we must add 4 ay and 3 ay. 

Ex. What two quantities must be added to - 9 b to give 
first 0, then -36? 

Solution. Adding + 96 to - 96 gives 0. Adding — 36 
to gives - 36. Hence, we must add 9 6 and - 3 6. 

In the same way perform the following: 

29. What two quantities added to lOzy will give 4xy? 

30. To -3a? will give 7a?? 

31. To 6 o6 2 will give - 806 s ? 

32. To - 46c 3 will give - 7bc*1 

33. To 2a? will give 10a?? 

27. We notice that in all of these cases the quantities 
which are added are the former quantity with its sign 
changed* and the latter quantity. 

Note. — A sign is said to be changed when a + sign is put in place of 
a — sign, or a — sign in place of +. 



SECTION X. 

SUBTRACTION. 

28. Subtraction is the process of finding the difference 
between two quantities. 

One quantity differs from another by that quantity which 
must be added to the second to give the first. 

Thus, 5 differs from 2 by 3, because 3 must be added to 2 to 
give 5. So 4 differs from 6 by - 2, because 2 must be sub- 
tracted from, or — 2 added to, 6 to give 4. 
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The first quantity is called the Minuend, the second the 
Subtrahend, and the difference is called the Remainder. 

The Remainder, therefore, is that quantity which must 
be added to the Subtrahend to give the Minuend. 

Now, we found in the last article that the most convenient 
quantities to add to one quantity, in order to make it equal 
another, was the former quantity with its sign changed, and 
the latter quantity. 

Therefore, that which must be added to the subtrahend to 
get the minuend must equal the sum of the subtrahend, with its 
sign changed, and the minuend. Hence the 

Hide. — In order to find the remainder change the sign of the 
subtrahend, and add it to the minuend. 

EXAMPLES. 

Minuend, 5 y 5y 

Subtrahend, - 4y The remainder is found by adding + 4y 

Remainder, 9y 9y 

Minuend, — 3 a; — 3x 

Subtrahend, - 9 x The remainder is found by adding + 9x 

Remainder, 6z 6x 

Minuend, - 6 ax - 6 ax 

Subtrahend, 4ax The remainder is found by adding — 4 ax 
Remainder, -10 ax — 10 ax 

29. It is not usual to write out the example a second time. 
We merely conceive the sign of the subtrahend to be changed, 
and add the quantities. 

Ex. Subtract 

Explanation. — We conceive the 

Minuend, 8 tf sign of the subtrahend to be changed 

Subtrahend, — Sy 8 to plus, and add the two quantities, 

getting 13 y for the remainder. 
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Subtract the following, explaining as in the preceding 
example : 

1. 7ox* 4 9afy 7. lOabc 10. 36V 

box 1 - 6afy - 8o6c 56V 



2. 


- 9 am 2 


5. - 3afy 


8. 


4 ax 


11. ax 




11am* 


-8^y 




ax 


4ax 


3. 


-7aY 


6. 606X 9 


9. 


-* 


12. 14 aty" 




4aY 


-806a* 




10 s* 


- a*y 



Where there are several connected quantities to be sub- 
tracted, we change the sign of each term in the subtrahend 
and add it to the similar term in the minuend. 

Ex. Subtract 4o6 - 3 a' + 6* 

2a6 + 3a' + 46' 

Explanation. Conceiving all the signs of the subtrahend 
to be changed, and adding, we have for the remainder, 

2o6-6a a -36'. 

13. 56^ -36 s • 17. 2axy-5xy 2 + 4y> 

26y*- 26' Saxy + 2a%/* + 2y s 



14. 


lofy - 4a?y 2 + 6yz 
btfy + 3ary + Syz 


15. 


12a' +86' -46c 
15a'- 26'- 76c 


16. 


4^71 + 3cV- 5n 8 
3^71 + 3cW +5n s 



18. 


t 

— 3 m* + 4 mn + 2 mn* 

— 8 m' — 2 mn + 9 mn 2 


19. 


— 5 6 ? c + 3 6c 2 - mn 
4 6'c - 5 6c 2 - 5 mn 


20. 


7s 8 + 3s* - Ax 
It? - 3x 2 - 4x 
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Note. — If the similar terms are not under each other, we must still 
collect them from the different parts of the examples.. 

21. 5a- 36 + 4c 22. 5a? + 3a; + y. 

26-3c+4a 5s a - 2y 

23, 8ay + 9y> - 4z 
/ Say - 2z 

25. 5 ax - 3 ay + 3 oz 
4 aa; - 2 a? +3 ay 



24. 


Sax + 

3 ax - 


■,2x* 

- 4a? + ay 


28. 


frby* + 4b*y 
7by* + 2b*y 


-3fc 8 
+ 56* 



SECTION XI; 

TRANSPOSITION.. 

30 # The equations which have been solved before have had 
all the letters on one side and all the numbers on the other, as, 
4se— 3 a; + 2 a; = 17 + 1. But equations often occur like this : 

Zx— 4 - 2a: + 6. 

This cannot be collected as it stands. We cannot collect 
3 x and - 4. We will therefore try to get rid of the - 4. 
Now, bear clearly in mind that the value of the part or 
member before the equal-mark is just the same as that, of the 
part or member after it. If then we were to take away - 4 
from the first member only, it would remove it from the 3 x. 
But to keep the equality of values, we must also take — 4 
from the second member. We will do this, according to the 
rule for Subtraction, by changing the sign of the quantity to 
be taken away or subtracted, and adding or annexing it to the 
second member. We therefore add + 4 to the second member. 

We then have 3a? =»-2« + 6 + 4. But we cannot collect 
2 x + 6 + 4. We will therefore take away from the second 
member the 2 x. But to preserve the equality of values of 
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the too sides, wet must afao take 2x away from the other 
member,, or ehange its sign and annex it 

We then have 3as - 2x =- 6 + 4.. 

Collecting both members, we find ar — 10. 

31. It will be noticed alxwe that, when a quantity is re- 
moved from one member of an equation, it must also be added 
to the other member, with its sign changed! By this operation 
the quantity is simply placed across the equal-mark, and has 
its sign changed. This process is called. Transposition, 
which means placing across. 

Mule. — Any quantity may Be taken from one member of an 
equation to the other if its sign* be (hanged. 

Thus, if 5a; + 3-2 = 4-7a;, 

transposing, we have &x + 7a; — — 3 +2 + 4. 

If .' 6-3y + l =4y-8y + 9, 

transposing, we have - Sy - 4y + Sy - -6 — 1+9. 

Transpose the following, so that all the terror containing 
letters may be in the first member, and all the rest in the 
second: 

1. 8z - 2 + 4 - 12 + 4? - 2. 4. 3a; + 2 - 5 - 2y. 

2. 5y + 4a;-2y = y + 7". 5. 4 - 7 - 5 - 6x + 2a^ 

3. 2a; -4- 3a; - 1 -8a; +9. 6. 5 - 7 - 4a; + 10 - 2a;. 



32. Given 4a; - 3 - 2rx + 9, to find the value. o£ «.. 

Transposing, we have 4a; — 2x=»9+3. 
Collecting both members, 2 a; = 12. 

Dividing by 2, we find x — 6. 

NtrrK — In explaining, far careful always tor mention the operations 
of Transposing, Collecting, and Dmdmg. 
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Solve the following equations in writing. As a Mental 
Exercise, let the student make the necessary transpositions. 

1. 5y- 3 + 2y - 12 + 4y. 

2. 6 + 8a; - 14 + 2a; + 4 

3. 12s - 9 -24 + a;. 

4. 20 - 7y + 3 - - 4y + 39 - by. 

5. 3i/- 7 - 8- 2y. 

6. 9a + 21 + 2a; = 5a; + 45. 

7. 7a; -8 -5a; + 40. 

8. 3 + 2z- 11 - -2. 

9. 8x- 3 + 7a; -4a; + 5 + 10a;. 

10. 12y-9 + 8-14y-3. 

11. 3- 5a; - 24 -8a;. 



SECTION XII. 

CONSTRUCTION OF EQUATIONS. 

33. Ex. If x + 3 be equal to 4 less than 2a;, what number 
does x represent? 

Solution. If x + 3 be equal to 4 less than 2 x, the relation 
will be expressed in the equation, 

a; + 3 = 2a;- 4. 
Transposing, x - 2a; — - 3 - 4. 

Collecting, - x - - 7. 

Changing signs, we find x - 7. 

Ptoqf. x + 3 - 10; 2a; = 14. 10 is 4 less than 14 

Note. — We do not substitute in the equation, for we want to see 
whether the equation itself is correctly formed. 



CONSTRUCTION OF EQUATIONS. 37 

Ex. If 3x - 6 is 4 more than x, what is the value of x? 

Solution. Since 3 x — 6 is 4 more than x, 3 x - 6 must 
equal x + 4 Hence, we have the equation, 3x - 6 - x + 4 

This can be solved and proved as before 

In the same way solve the following 

WBITTBB* EXAMPUBS. 

Bute. — Find an equ(dUy between the quantities from the given 
relations, express this by an equation, and then solve the equation. 

As a Mental Exercise, let the student give the equations 
that result in each example. 

1. If3x-2bel more than twice x, what number does 
x stand for? 

2. If the sum of x - 7 and 2x - 10 be equal to 10, wnat 
is the value of x ? 

3. If the sum of x + 4 and x - 2 be 6 less than 3 x, what 
is the value of x ? 

4. If x and 1 more than twice x be together equal to 19, 
what is the value of xt 

5. If 5x be 1 more than the sum of x f x + 1, and 2x - 3, 
what is the value of xt 

6. If 6 more than x be 2 less than 3 times x y what does x 
represent? 

7. If the sum of x, x - 12, and x + 24 be 7 times x, what 
is the value of x? 

8. If 3 times a certain number, plus 2, equal 2 times the 
number, plus §> what is the number? 

Suggestion.— Let x represent the number, then 3a? + 2 = 2x + 8. 

9. If 5 times a certain number, minus 9, equal the sum of 
twice the number and 3, what is the number? 

4 
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10. If 7 less than twice a number he 8 more than Ah* 
number, what is the number? 

1 1. If 3 times a number added to 4 times the number, plus 9, 
be 10 less than 8 times the number, what is the number ? 

12. If 2 more than 4 times a number *be ID less than 5 
times the number, what 5s the number? 

13. 36 minus a certain number is 3 more than twice the 
number. What is the number? 

14. & more than twice a certain number is less than 26 by 
4 times that number. What is the number ? 

.16. A number plus 10 is 4 Jess ithan 3 times itself. What 
is the number ? 

16. A number increased by 45 less than 5 times itself is 
equal to 29 diminished by twice itself. What Is the number ? 



SECTION XIII. 
STATEMENT AND SOLUTION OF .PROBLEMS. 



L. Ohe of tlie uses of Algebra consists in solving prob- 
lems the solution of which by Arithmetic would be long and 
difficult, or perhaps impossible. The first problems here given 
may be easily solved by Arithmetic, but they prepare the way 
for others in whose solution Algebra is very useful. 

Problem 1. John has a certain number of cents, and Jamee 
lias twice as many. Both together have 24 cents. How many 
has each ? 

Solution. We will let x Tepresent the number of cents 
which John has. Then will 2 x represent the number which 
James has, because he has twice as many as John ; and since 
both together have 24 cents, x and 2x added together must 
equal 24. We can express £Hs equality by the equation 

jc + 2x = 24. 
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This equation ean be readily solved. 

Collecting, we have 3 x - 24, 

Dividing by 3, we find x = 8, which is the number 

of cents John had, because x represented that number, 

and 2x — 16, which is the number 

which James had, because 2x represented his number. 
Proof. 8 + 16 = 24. 

Prob. 2. One farmer has a certain number of sheep, and 
his neighbor has 2 more than 3 times as many. Both together 
have 30 sheep. How many has each ? 

We will let x represent the number of sheep which the first 
farmer has. Then will 3 x + 2 represent the number which 
the second farmer has, because he has 3 times as many and 2 
more. And since both together had 30, x and 3z + 2 must 
together equal 30. Therefore, we have the equation 

3 + 3* + 2 = 30. 
Transposing, x + 3 x = 30 - 2. 

Collecting 4 a; = 28. 

Dividing by 4, we find x = 7, 

which is therefore the number the first farmer had ; 

and 3s + 2 = 23, 

which is therefore the number the second had. 

Proof. 7 + 21 + 2 ~ 30. 

Prob. 3. A is 4 years older than B. If he were 10 years 
older than he is, he would be twice as old as B. What are 
their ages? 

Statement. Let x = (that is, represent) the number of 
years in B's age ; then will x + 4 * the number of years in A's 
age, because he is 4 years older than B. And since if he were 
10 years older than he is he would be twice as old as B, x + 4 
and 10 must together equal 2 x. Therefore, we have the equation 

x + 4 + 10 - 2x. 

4* 



40 ELEMENTARY ALGEBRA. 

Solution. Transposing, x - 2x — — 4—10. 

Collecting, - z - - 14. 

Changing signs, x = 14, No. of yrs. A's age, 

and x + 4 = 18, No. of yrs. B's age. 

Proof. 18 + 10 - 28. 

35. We see that there are three parts to the solution of each 
of the foregoing problems. 

First. The representation of the unknown numbers by a 
letter, and by algebraic expressions containing that letter. 

Second. The expression, in the form of. an equation, of the 
equality of certain of these, the equality being either distinctly 
stated or indirectly implied in the problem. 

Third. The solution of the equation to find the value of the 
unknown quantity. 

The first two operations — the representation of the unknown 
quantities by letters and algebraic expressions, and the forma- 
tion of equations from their known relations — are included in 
the one term, Statement of the Problem. The third 
operation is called the Solution. The Statement of the 
Problem is usually much the more difficult part, and should 
receive the close attention of the student. 

The student has had practice in solving equations, and, in 
the last section, in forming equations from known relations be- 
tween algebraic expressions. In the following exercises prac- 
tice is given in the representation of unknown quantities by 
appropriate algebraic expressions. The student, having thus 
had experience in each of the three operations used in solving 
problems, will be able to solve readily those which are to follow. 

MENTAL EXERCISE. 

1. If a; represent a certain number, what expression will 
represent 3 times that number? 

2. What expression will represent 2 more than 3 times that 
number ? 
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3. What expression will represent 5 less than 4 times that 
number? 

4. If A has x number of cows, and B lacks 4 of having 
twice as many, and G has 10 more than B, what expressions 
will represent B's and C's number of cows ? 

5. If x represent a certain whole number, what expressions 
will represent the next two consecutive numbers ? 

6. If John be x years old, what expression will represent 
the number of years in his age 5 years ago ? 

7. What will represent his age 3 years hence? 

8. If x represent one part of 100, what expression will rep- 
resent the other part? 

9. If the head of a certain fish be x inches in length, and 
its body be 3 inches longer than twice its head, and its tail be 

2 inches shorter than its head, what expressions represent the 
lengths of its body and tail ? 

10. If x represent one number, and a second be 2 more than 

3 times the first, and a third equal to the sum of the other 
two, what expressions will represent the last two numbers ? 

11. If a man walk 4 miles an hour for x hours, and then 3 
miles an hour for x + 4 hours, what expressions will represent 
the number of miles travelled in each of the times? 

SOLUTION OF PROBLEMS. 

36. Utile* — I. Let x represent one of the unknown numbers, 
and find expressions for the others. 

U. Examine the given relations stated in the problem be- 
tween the numbers which these expressions represent, and form 
an equation. 

III. Solve this equation to find the values of x 9 from which 
the values of the other expressions can be found. 

Remark. — In such problems as are here given, x always represents 
some number. Do not say, Let x = John's age, or James's money, or the 
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&rmer*8 aheap ; but say, Let z — the number of years in Jfchtfs fkgjb, or 
the number of cents James has, or the number of the farmer's sheep. So 
the other expressions represent some number of something, and should 
be so stated. 

Pboblem. A farmer has 70 sheep divided between 2 fields. 
The number in the larger field is 4 times that in the smaller. 
How many are in each ? 

Note. — In the following statement the parts in italics need -not be 
written down in performing the work, but should be given In the oral 
explanation of it. 

Statement. Let x — the number of sheep in the smaller field, 

and 4 x — the number in the larger field— because 

there are Jour times as many as in 
the smaller field ; 

rtben m + 4x == the number in both fields. 

But the problem states that there were in both TO sheep. 'There- 
fore we have the equation, 

x + Ax = 70. 
The solution can now be easily made. 

37. KEMARK.—The Student must be careful to find expressions for 
all the unknown quantities needed before trying to form the equation. 
The neglect of this is the cause of a large part, of the difficulty often 
found in solving problems.* Do not attempt to form the equation as soon 
as "Let x — the number," etc., has been written. 

Let the student also be careful to give neat explanations. Simply 
reading off the work is not explaining it at all. Let a uniform plan of 
explanation be adopted. The one followed in this book is believed to 
be a very good one. 

38. In explaining 1 , state what x, and other expressions, rep- 
resent, giving the reason for each after the expression 4s stated. 
But in forming the equation, give the reasons for U before the 
equation is announced; so that it may»be ready for it* solution 
as soon as it is stated. Always introduce the equation with some 
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PROBLEMS. 

1. Two sticks of wood measure together 18 inches, and one 
is 3 inches more than twice as long as the other. What is the 
length of each ? 

duuESinare — Let g = number of inches in shorter $iee&. Find 
expressions for inches of longer piece and for their united length. 

,2. <A boy is reading a book of 216 pages. The number of 
pages that he has read is 21 less than twice the -number that 
is left. How many pages has he read? 

3fam*~It is not necessary to let & ^represent the number called for in 
the answer. It should represent that unknown number which will give 
the simplest equation. 

Statement^- 4jet it «* fnnnber of pages remaining. .Find expres- 
sions £aac pages jead and for whole number of .pages. 

3. At a certain election there were 360 votes cast, the suc- 
eessfed candidate receiving a majority of 106 votes. How 
many did each receive? 

4. At a certain election there were 148 votes 'cast. The 
successful candidate received 2 less than twice the number 
that the other received. What Were the votes cast for 
each? 

BTAtmnSNTs— 5^nd expressions for number of votes for unsuccessful 
candidate, for successful candidate, and for both together. 

5. A merchant bought 10 bushels of com and 6 bushels of 
wheat for $8.80, the wheat costing twice as much as the corn. 
What was the price of each ? 

Statement. — Find expressions for number of cents per bushel for 
corn, and for wheat, for cost of corn, and for cost of wheat, and for cost 
of both together. 
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6. A and B start in business at the same time, A having 3 
times as many dollars as B. A loses $300, and B doubles his 
money. They then have the same amount How much had 
each at the first ? 

Statement. — Find expressions for number of dollars A had at first, 
for number B had at first, for number A had after loss, for number B 
had after gain. 

7. A tree 95 feet high was broken near the middle by a 
storm. The upper part hung down so that the top of the tree 
came within 15 feet of the ground. How much was left 
standing ? 

8. James has 6 more chestnuts than William ; but James 
eats 10 while William finds 14. They now have together 44 
nuts. How many has each at the last ? 

9. A farmer plants an acre each in corn, wheat, and oats. 
The oats yield 10 bushels more than the wheat, and the corn 
twice as much as the wheat. He gathered in all 130 bushels 
of grain. How many bushels were there of each ? 

Statement. — Find -expressions for number of bushels of wheat, of 
oats, of corn, and of all together. 

10. A father lacks 2 years of being 3 times as old as his 
son, and their ages together amount to fifty years. What are 
their ages ? 

11. Pivide the number 48 into two such parts that the 
greater shall be 4 less than 3 times the less part. 

12. James and Henry go fishing. Henry pulls out of the 
water 3 times as many fish as James, but loses 12, while James 
only loses 2. They bring home 22 fish. How many belong 
to each? 

13. A has twice as many dollars as B ; but A loses $500, 
while B gains $300. They then have together $1300. How 
much had each at first ? 

14. The Leaning Tower of Pisa is 178 feet high, which is 9 
feet more than 13 times the distance it leans over. How far 
does it lean ? 
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15. The planet Jupiter has two more moons than the planet 
Mars is known to have, and Saturn has two more than as 
many as the other two together. In all they have 14 moons. 
How many moons are known to belong to each? 



SECTION XIV. 

REVIEW AND SUMMARY.* 

Note. — The Articles at the end of the questions show where the 
answers may be found. 

1. In the expression 4a*, what is the 4 called? (Art. 4.) 

2. What does it show? (Art 4.) 

3. Express 4 a* without any coefficient. (Art. 4) 

4. What is the small 2 over the right of the a called 
(Art 13.) 

5. What does it indicate? (Art. 13.) 

6. Express a' without any exponent. 

7. Express 4 a* without either coefficient or exponent 

8. Express aV without any exponents. 

9. What are the parts of the expression 4 a — 3 6 + x 
called ? (Art. 15.) 

10. What is a Polynomial ? (Art. 17.) 

11. What is a polynomial of two terms called? (Art. 18.) 

12. What is a polynomial of three terms called ? (Art 19.) 

13. What do we call such an expression as 7 ax? (Art. 16.) 

* The pupils are expected to recite this review with the book open 
before them. The teacher may call out the questions by number, or 
may read them. If the class appear to be deficient in any subject, let 
them go back to the Articles treating of that subject, and be reviewed 
and drilled on them. The class should not pass on till everything is 
fully comprehended. 
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14. Give die name of each of the following^ expressions r 

4ab + c", 
5&;+ 2y - S** 

2a*aV. 

15. Collect 4a + 3a - 2a. 

16. Can we collect a + h ? Giro reason for answer. 

17. Can we collect a* + al Give reason for answer. 

18. Collect 2 a 1 + ab - a\ 

19i Why does notqFfc* a equal a?6 ?> 

20. In the monomial 6z\ what sign may Be understood be- 
tween the 6 and as? (Art 4.) 

21. What are meant by positive terms and* negative terms? 

22. In the polynomial by*-* 4yz—&?, which terms- are 
positive; and whiqh are negative?: (Ark.2i.)> 

23. What is meant by similar quantities? (Art. 14.) 

24. Why can similar terms only be collected? (Art. 14.)* 

25. Collect Sx - Sx; explaining the process. (Art 20.) 

26. State the difference between Addition^ and Collecting. 

(Art. 23.) 

27. In- solving the equation 5 a?,- 2x :-* 17 -k l^what two 
operations are performed ? (Art. 10.} 

28. In solving the equation 2#.-h4.- 12- 6g,.what.£fe-ee 
operations are performed? (ArU32.) 

29. State the rule for v addition, in Algebra. (Art 24.) 

30. What does - 7 ab + 7 ab equal? 

31. What does + 8 ab. equal? 

32. What does 4c* — 4c* equal? 

33. What does - 6 c 8 equal ? 

34.. What two quantities added to 4a£ will giv» - 6 «*? 

(Art- *0: 

35. To - 7 ay will give 3 ay ? 
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36. What principle always applies to examples like the 
last two? 

37. What is. Subtraction ? (Art. 28.) 

38. What is the Remainder? 

39. How is it found T Rule (Art. 28). 

3a 

40. Subtract ^ 



41. Subtract 



4a*a; 



42. What are the member* of an equation? (Art 8.) 

43. When a quantity is taken away from one side of an 
equation, what must be done to the other side? and why? 
(Art 31.) < 

44. What is- meant by Transposition? 

» 

45. What is the object of transposing some of the terms of 
the equation 5a;-4 = 2a; + 5? 

4ft Why are the signs of terms changed when they are 
transposed? (Art. 31.) 

47. What is meant by the statement of a problem t 

48. Why is it incorrect to write, Let x - A's money ? 

49. What does x always stand for? (Art. 37.) 

50. Give the two meaning* of the symbol 0. 

51. If - x equals - 4, what does + x 9 or x, equal? 

52. If we subtract 10 from 7, why is the result - 3? 

53. If a thermometer indicates 12°, and the mercury falls 
20 degrees, what will it indicate I 

54 What do we mean by saying the thermometer indicates 

-5°? 

Transpose the terms of the following equations : 

55, 13 - 5x -4.x- 8 + 6av 

56, 4x - 10 - 5* + ft. + Zx °* 0. 
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SECTION XV. 
MULTIPLICATION BY MONOMIALS. 

MULTIPLICATION BY NUMBERS. 

39. Ex. Multiply A ax by 5. 

Solution. Since 4 ax means 4 times a%, 5 times that is 
20 ax. 

In the same way, 8 afy x 2 = 16 aty. 

Perform the multiplication indicated in the following 

MENTAL EXERCISES. 

1. 7ay*x3. 4. 96<tyx4. . 

2. - 5a6cx 6... 5. - 8^x3. 

3. 3a x 3. 6. 6a^x 8. 

Where there are several connected quantities to be multi- 
plied by the same number, we multiply each separately. 

7. Aax + 2t? - Zxy 9# 5axy + 6afy - 8y" 
6 6 

8. 7&'-4fc + 8c 8 10. -2ocd + 5c*-10a 8 
3 _8 

40. Multiply 6 by - 3. 

Explanation. The sign — denotes subtraction. When 
written before a quantity, it usually means that the quan- 
tity is to be subtracted from something. But before the mul- 
tiplier 3 it means, not that 3 is to be subtracted, but that 
3 times the multiplicand 6 is to be subtracted ; that is, that 18 
is to be subtracted. Now, in subtraction we found that we 
must change the sign of the subtrahend, or quantity to be 
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subtracted. Hence, fdaoe 18 is to be subtracted, we change its 
sign, and have for the product — 18. That is, 

6 x - 3 - - 18. 

Multiply - 7 by - 4 

Explanation. The sign - before the multiplier 4 means 
that 4 times the multiplicand is to be subtracted from some- 
thing. 4 times — 7 gives - 28. If this is to be subtracted, 
its sign, as before, must be changed ; that is, the product is 
+ 28. Therefore, - 7 x - 4 - §8. 

We have, therefore, the following 

Mule.— In multiplying by a negative quantity, change the — 
signs to +, and + signs to - . 

Illustration. 

8afy x - 7 - - 21afyf - 6dft*4 x - 4 - 32a6U 

Perform the multiplication indicated in the following 

MENTAL EXERCISES. 

1. 4mVix6. g 9ae-4cd+6ab 

2. 96V x -3. 5 

3. llxjf x - 5. 

4. 4o& + 86'-20 7. 7x*-5a!y-4y» 
-3 -7 



6. 6«^ - 8fm * V 8. - 11 b s c + 4bV - &M 

-4 6 ' 

MULTIPLICATION BY LETTERS. 
41 p JLet us multiply a by b. 

Since writing letters together expresses their product, 
a x 6 = ab. Also, a6 x <• =» abc. 
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What do the following expressions equal ? 
Note. — Give the letters in their alphabetical order. 

1. ac x b. 4. 3 dm x 7 acx. 

2. 3 acx x 2by. 5. 4b 8 x 2y\ 

3. 7 mn x2ax. 6. 5 a 8 x 4 c. 

42* It is plain from these examples that the letters of the 
product are those of the multiplier and multiplicand. Now, 
multiply a 8 by a*. The exponent 3 in the multiplicand shows 
how many times the letter is meant to be taken as a factor. 
So the 2 in the multiplier shows how many times it is taken 
there. In the product, therefore, it must be taken as many 
times as both these together, or 5 times ; that is, c? * cf = a*. 
Hence the 

Utile. — Where the same letter occurs in both the multiplier 
and multiplicand, add together its exponents in these to find its 
exponent in the product. 

Illustration, b 2 x b 6 - b\ and Sax 9 x - 2aV - - 6aW. 

Perform the multiplication indicated in the following 

MENTAL EXERCISES. 

1. b'xb 9 . 12. 9cVy x -abc. 

2. c*xc*. 13. 7c 8 d 2 x -Sad'x. 

3. m 8 x m 6 . 14. - 12mV x 5m'y\ 

4. ab x 6 s . 15. 20 ay x 4a*xtf. 

5. a*m x am 9 . 16. - 6 b*c*d x - 8 a*b\ 

6. 4cV x3cV. 

7. 8a' x 4a'. 17.5JJ-4P + W 



8. - 7«V x Stf. 

9. -Ilm 8 zx4mn\ 18# 7aa * + 9 aV + a y 

10. 4a*c3c x 6acV. - 5aV 

11. 5 bVy x 7 a&V. 
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19. 14a*mn* - 12am 8 n + 4ro» 25. %<u?% - bcfxy + 13ay* 

2mn 4 ac? 

20. -6c 3 cf-5c , d , + 8cd* 26. - 136m 8 + 86 8 ro - 56» 
-7AP -bra 2 

21. &7?y + 4ay - 5y* 27. axy + xys - ys 
9ag£ 12o'z 

22. lOro's- 5ma?-my 28. 5^ + 5s 8 - 4aa 
- 8s* 3an/ 

23. 7y 8 -4y 8 + 8y 29. 14<ftf- 180P + 2X 8 
- 3sy* 2<fy 

24. 9a 8 6- 5o*x + 3axy 30. 15mV - 12™** + !!^ 
6 cfy - 3aV 



SECTION XVI. 
REVIEW OF ADDITION. 

43* Only similar terms — that is, terms whose letters and 
exponents are exactly alike — can be collected into one term. 

Utile. — To find the sum of the similar terms, add together the 
coefficients of all the positive terms, and also of all the negative 
terms. Take the difference between these sums and give it the 
sign of the greater. 

It is not necessary that the similar terms should all be in 
the same column, though it is convenient to have them so 
when possible. 
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EXAMF&flB. 

1. 4ay+ 6^ + 22 8. 4c*-2ex 

-3ay-4y" + 5z 2 esc - a? 

ay +%y*~Zi ~ " ~ 



9. a" - a£ + ac 

2. 2c 3 d-7ccP + 4cPx ab - b* - be 
-6(>^ + 5i>cP - ac + &<; -<? 

3c»d -&<Px """"^ 

10. x* - ofy + a?y 

3. 5a + 4x afy - «V + xtf 
3x- 2a «Y - a%* + y* 

4. Say -9^ U. 8a 8 + 12a 4 x - 8aV 

5^ + 4ay - 4 a 4 * - 6 aV + 4 aV 

2aV + 3aV- 2a* 4 



5. 8z*y - 3 xy* 
5x^ - 3x*i/ 


12. 4a 8 -3x» + 4ax 
3ax- 2x» + 3a' 
4x* - 5a' - 2ax 


6. a' + ax 

ax + x" 


13. 30/- 18 cd 

35cd-21d* 



«w-«? 2 ah - 3i* 

15. %* + afy* + aty* 

- aV - ay - ^ 
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SECTION XVII. 
MULTIPLICATION BY A POLYNOMIAL. 

44. Ex. Multiply 2a + Sbhy<t+k 

Solution, a + 6 times 2 a + 3 6 equals a times £ la + 3 b plus 
6 times 2a + 36. We therefore multiply first by a, and then 
by b, and add together the two products. The operation is 
performed thus: 

Multiplicand, 2 a + 3 b 
Multiplier, a + b 

2o f +3o6 

Product, 2a? + 5o& + 8V 

Explanation. Multiplying first by a, and beginning at the 
left, we obtain as the first partial product 2 a* + 3ab~ Mul- 
tiplying then by 6, we have as the second partial product 
2 ab + 3 b\ Adding these together, we obtain the total prod- 
uct, 2a* + dab + 36 r ; 

Ex. Multiply 4c* - 8c* + a? by %e - an 

Here the partial product* are obtained by mo&Sprying by 
2c and - x. The operation is as follows: 

4c?- 3cr + aP 
2c - a? 

»<?- 6<** + 2a* 
, -: _ 4trtg •» 3 oaf t. af 
8^-10<fa; + 6ca?-a? 

The explanation is the same & for the former example; In 
explaining the second multiplication the pupil must be careful 
to say, Mtdtiplymg by - *, and not simply by k. He must 

6* 
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also remember, when multiplying by a negative term, to 
change all the signs in the partial product. The final opera- 
tion is like all other addition. 

In the same way perform the following 

WRITTEN EXAMPLES. 

1. Multiply a + x by a + x. 

2. Multiply a — 6 by a - 6. 

3. Multiply 2a - 36 by a - 6. 

4. Multiply 5c - 3d by 6c + 7A 

5. Multiply a — m by a + m. 

6. Multiply 3c + 4d by 3c - 4 A 

7. Multiply a + 6 + cbya + 6. 

8. Multiply a-6-cbya-c. 

9. Multiply 5a* + 3 ax + a* by 2a + 5x. 

10. Multiply a* + ax + sc 2 by a — &. 

11. Multiply 3#* - 2yz + 4z* by y - 3z. 

12. Multiply a + 6 by c - d. 

13. Multiply 7s* - 9a# - 4y* by 3s - 2y. 

14. Multiply a? - xy + #* by 2s + 2y. 

15. Multiply a? - 2xy + y* by x - y. 

16. Multiply cc , + y , byaJ*-a^ + 3/ , . 

17. Multiply 2a + 36 - c by 2a - 36 + c. 

18. Multiply 6a*x + 300;* - of by a* + 2x*. 

19. Multiply 9a* - 4c* by 9a* + 4c*. 

20. Multiply :5a 8 - 4a* by 3a* + 2a. 

21. Multiply c 8 + 3c*m - 3cm* + m 8 by 2c + m. 

22. Multiply a 8 - a*6 + a6* - 6 8 by a + 6. 

23. Multiply a* + 2<za + Sxy by a - 2x + y. 

24. Multiply 5s 8 - 3s* + 4 by 6x* - 3. 

25. Multiply a + 6-cbya + ic-y. 

26. Multiply Sx 4 - 2d + 4z* - 6x - 2 by s* - 2s + 1. 
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27. Multiply together a + b, a — b, and a* + ft 1 . 

28. Multiply together a* + cue + x 1 , a — x, and a + x. 

29. Multiply together 2c - 1, 3c + 2, and c* - 4c + 4. 

30. Multiply together ax - x\ 3 ax*, and a + x. 



SECTION XVIII. 
USE OF THE PARENTHESIS. 

45* Thus far we have used signs to indicate the operations 
between single terms. It is often necessary to indicate opera- 
tions between polynomials ; as, the addition of a + b to a — b. 
This is done by placing each quantity in a parenthesis, and 
writing the sign + between the parentheses, thus (a + 6) + (a - 6). 
The parentheses show that the quantities, as wholes, are to be 
added together. 

In the same way we can express the subtraction of a — 2 x 

from 3 a + x. 

(3a + x) - (a - 2x). 

rrui a ; a +i^ aawA «« ™;+;™ Minuend, 3a + x 

Inis is the same as writing — ' 

Subtrahend, a — 2z 

In the same way the multiplication of polynomials may be 
shown. (5 a + x — y) x3x means that the whole quantity in 
the parenthesis is to be multiplied by 3 x. (6 + c) x (b - c) 
means that 6 + c is to be multiplied by 6 — c. When the 
quantities are to be multiplied it is usual to omit the sign x . 
The multiplication is indicated by simply writing together the 
quantities, as with letters. Thus, 3 (a + 6) means 3 times 
a + 6. It equals 3 a + 3 6. 

46. Indicate the subtraction of c — d from a + b. 

Solution. Putting each quantity in a parenthesis, and con- 
necting them by a minus sign, we have 

MIN. SUB. 

(a + 6) - (c - d). 
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If we wish to tnd tike value of the expression, wo proceed 
exactly as though it were written 

Minuend, & + ft 

Subtrahend, ? - & 

» 

That is, we change the signs of the quantity to be subtracted, 
and add it to the other. Therefore' (<* + J) - (c - d) will equal 
a + 6 - c + d. 

If any of the terms were alike, we could collect them. 

Thus, (2c + 3d) -(c-d) -2*+$d-c + d t 
and 2c + 3d- c + d - c + 4d. 

The first operation hero is oalled rwnvmg ike parentkem. 

The first parenthesis in the last two cases is not really neces- 
sary. The sign - indicates that the second quantity is to 
be subtracted from whatever it is connected with. The sub- 
traction in each oase would have been indicated by writing 
a + 6 - (c - d) and 2c + 3d-(c-d). 

Remove the parenthesis from the expression — 
Ex. ct + d - (» + y), 

SoLOTfON. In perforating th* indicated subtraction we re- 
move the parenthesis and ehange the signs* of the te*a» in 
it, obtaining 6 + A - a? • - y. 

Note. — The explanation need not be given unless £ne teacher calls 
tor ft 

Remove the parentheses from the following expressions : 



l>»:«;h :'•>!;>,. i 



MENTAL 

1. 3m - (2n + s)« 5* 4a# - (3as + s 1 )* 

2. 40 + d-(-s + y), 6, 91^^(21^-30. 

3. 6y - (a + 6). 7* 3 6c - (2ty + (W> - 3a& 

4. 2am - (3mn - 2m 1 ), 3. 2y* - (Say + 2a?y) - (4ys - «*). 

9. 4ae + (2s - y) - (**" - y*). 
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47. RcttOTe the parentheaii from 2a - (a- x) and eoflect 
the simitar terms. 

Solution. Performing the indicated subtraction, we obtain 

Collecting, we have a + z. 

B is usual to conceive the eigne to be changed, and collect 
directly from the first expression. 

Remove the parentheses front the following expressions and 
collect the similar terms: 

MENTAL IFlftflRQDMf. 

1. 4s- (-2s-y). 5, 5c-2d-(8<: + 7d> 

2. Sy 1 - (3/ 1 + «)* 6. 5a' + 4a- (2a' + 2a). 

3. 3a + 26- (2a + 6). 7. 7a*x-(- 2a**- 3a"). 

4. Ix - y - (3s - 4y). 8. 8sy - 3y* - (4y* + 3»y). 



48. Perform the ntokipiioafion indicated in the expression 

*(a + 26). 

Solution. We know that* the operation of nrafttpKcation 
is here iodie a ted y because the quantise* & and (a -f 2ft) are 
written together without any sign between them. Performing 
the multiplication, we have 3 a ■*• 6 b+ 

Perform the multiplication indicated in the following 

MENTAL 



MMr'WUO 



1. 7(2*- 3y + a> 5. - 4a*(«? - 2ay> 

1 -4(8x--2y> & (4w*-2af)a*> 

3. 2a(a - 6). 7, (3a*a? - of)x x - 2aafc 

4. 7bc(2b* - 3c 1 ). 8. - (4xy - y*)7rf\ 

49* Bemove the parentheses from the eauatioa 

5 (2s- 1) - 10s - (<c + 3). 

Solution. Performing the indicated mttkiplicatioft and 
subtraction, we have 

10* - 5 - 10s- s- 3; 
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60. Remove the parentheses from the following equations by 
performing all indicated operations of addition, subtraction, 
or multiplication: 

MENTAL EXEROISB. 

1. 5- (s + 3) -7+.2(*-l). 

2. * + 2(3-x) -4- (2 + x). 

3. y-(y-4)-4(y + <J). 

4. 5(6 -x) = a;-2(a;-3). 

5. 15-4(7 + a;) = 9(2s-3). 

6. - 4(6 - 2x) - 12 - 4(x - 3). 

51. Given 5 - (3 + x) - 2(x + 1) - 9, to find the value of x. 
Solution. Performing indicated operations to remove paren- 
theses, we have 5-3-&«=2a; + 2-9. 
Transposing, - x - 2x - -5 + 3 + 2-9. 
Collecting, - 3x - - 9. 
Dividing by 3, we find - x - - 3. 

Hence, x — 3. 

Proof. Substituting the value of x in the first equation, 
we have 5 - (3 + 3) - 2(3 + 1) - 9. 

Reducing, 5-6-8 — 9. 

Collecting, — 1 — — 1. 

When explaining, be'carefiil always to mention the four 
processes — performing indicated operations, transposing, col- 
lecting, and dividing by the coefficient of the unknown quantity. 

Solve the following equations : 

WRITTEN EXAMPLES. 

. As a Mental Exercise, let the student remove the paren- 
theses. 

1. 3 - (1 - x) - 5. 

2. 2x-4 = 3(x-3). 

3. x -4(7 - 2x) = 2(2x + 6). 
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4. 4 + 6(3* - 8) - 14 - 5(* - 16). 

5. 3(2* + 6) -5(*-l) + 27. 

6. * + 4- (3-2*) -2* + 9. 

7. 3(* - 12) - 2(32 + 2s) - 87. 

«. (2x + 3) - (* + 1) - 10 - 2(* - 2). 
9. 5 + 4(* + 6)~ -(2*-40)+3L 

10. 2* - 10 - (* - 4) - 27 - (2* + 6). 

11. 5* -(6* -7) -3(2* + 4) -8*. 

12. 4(6*-3)-9*-(*-4). 

13. 2* + 2(3* + 2) - 60 - (* + 2). 

52. An expression like (a + 6) (a - 6) indicates that the 
two quantities in the parentheses are to be multiplied together, 
because they are written together, without any sign between 
them. 

Perform the multiplication indicated in the following. Mul- 
tiply as in Art. 44. 

WKl'lTJflN HXAMPLB8. 

1. (2 - *) (4 + *). 4. (a + 26) (a - 36). 

2. (* + 3) (* - 7). 5. (* + 6) (2* - 1). 

3. (2* + 8) (5* - 3). 6. (3* - 5) (4* - 2). 

53. Given (* - 3) (* + 1) - (* - 1) (* - 2), to find the 
value of *. 

Solution. Performing the indicated multiplication, we 

obtain 

** - 2*- 3 -*»- 3* + 2. 

Since z* occurs in both members of the equation, we may 

subtract it from both without destroying the equality. Doing 

this, we obtain 

-2* -3 3* + 2. 

Transposing, we have 3 * - 2 * =• 3 +2. 
Collecting, we find * = 5. 
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Proof. Substituting tie vsfcie of * in tie &ul eqta&m, we 

llfliV6 

25-10-3-25-15 + 2. 
CoUecting, 25-13-25-13. 

Collecting again, 12 - 12. 

Given (x + 3) (a? - 5) - 6 - (5 - x) (2f + a?), to m*f the 
value of x. 

Solution. The second member of this equation meata 6 
minus the product of 5 — * and 2 -f & We will therefore 
multiply 5 - x by 2 + x, and write the product after the 6, 
with all of its signs changed, since it is to be subtracted. 
Hence we say, performing the indicated multipffcationfr and 
subtraction, we have 

^-&s-15-6-iO a -8x + x*. 

Striking out x* in each member and transposing, we have 

-2a: + 3a;- 15 + 6 - *«. 

Collecting, we find ar - 11. 

Proof, Substituting th* value of x m this first equation, 

we have 

121 - 22 - 15 - 6 - 10 - 33 + 121. 

Collecting, 121 - 37 - - 37 + 121. 

S6lre thfe following equations : 

WBTTTBN EXAMPLES* 

1. (a; -3) (a + 2) -a^-13. 

2. a;(x + 3) -a* + 12. 

3. (a; + 1) (a; - 8) - (a; + 2) (x + 4) - 29. 

4 (4 x - 2)(* + 1) ~ (2* + 5) (2 * - 3} + 2 * + L 

5. 2x(3x + 2) - 6x* + 3x + 5. 

6. x- 5- 6(2x4 tf- 28. 

7. (2 x - 5) (2 * - 7> - * -f 7 » - *(14 * 6 a? - 2af)i 

8. (3x - 1) (3x + 1) - 4x + (3x - *>(8* - 1) -» 4 
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9. If 4 times x - 2 be equal to twice x + 1, what is the 
value of x? 

10. If 3 times x + 3 be 2 more than 5 times « — 1, what is 
the value of %i 

11. If 3 times 5 x + 2 be 5 less than 7 times x + 5. what is 
the value of z? 

12. If the difference between twice a number and 50 be 
equal to the sum of that number and % what is the 
number ? 

SuOGEKnou.—Let x = the number. In this and the succeeding 
examples form the equation without finding any intermediate expres- 
sions. Where the difference of two quantities is called for, place before 
the sign — die quantity mentioned fiat 

13. If the difference between 8 times a number and 9 be 
equal to die difference between 7 and the number, what is the 
number? 

14. If 3 times the difference between a certain number and 
7 be equal to 1 more than the number, what is the number? 

15. If 3 more than twice the difference between 10 and a 
certain number Ije the same as 3 times the number increased 
by 1, what is the number? 

16. If 5 less than 7 times the difference between a numhe? 
and 3 be equal to 10 less than 3 times the number, what is the 
number? 

17* If 3 times the sum nf 3 times a .certain number and 2 
be equal to 12 more than S times that number, what is th§ 
number ? 

18. If 2 less than 3 times a certain number he 3 more than 
4 times the difference between that number and 3, what is the 
number? 

19. If 5 times the sum of a number and 7 be 4 less than 6 

times the sum of twice the number and 8, what is the number? 
6 
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SECTION XIX. 

SOLUTION OF PROBLEMS. 

MENTAL EXERCISE IN THE CONSTRUCTION OF 

EXPRESSIONS. 

1. If 3 x represents a person's age, what expression repre- 
sents his age 5 years ago ? What twice his age 5 years ago ? 

2. If B starts from the same place 6 hours after A, and 
overtakes him in x hours, what expression represents the hours 
A travels ? 

3. What expression represents the number of miles A 
travels if he goes 4 miles an hour? 

4. If a boatman can row x. miles an hour, what expression 
will represent the number of miles that he can row in 1 hour 
down a stream whose current is 2 miles an hour? What the 
number of miles in 3 hours ? 

5. What represents the number of miles he can row up 
stream in 4 hours? 

6. A man works x days out of 30, and is idle the remainder. 
At 50 cents a day, what represents the board he must pay for 
his idle days? 

7. If a man has a certain number of cows, and buys twice 
as many more, he will have how many times his first number? 

8. If he has x — 5 cows, and buys 4 times as many more, 
what expression will represent the number he will then 
have? 

9. If a rectangular tract of land is x yards wide, and 5 
yards longer than wide, what represents its length, and what 
its contents? 

10. If a tract of land is x yards wide and x + 6 yards long, 
and a second is 5 yards wider, but 2 yards shorter, what rep- 
resents its dimensions and what its contents ? 



SOLUTION OF PROBLEMS. 63 

WRITTEN EXERCISES IN THE CONSTRUCTION OF 
EXPRESSIONS AND EQUATIONS. 

1. A boy has x cents ; what represents his number of cents 
after spending 10 ? What will represent his number of cents 
if he now earn as much more as he has? What will represent 
the number if he spend 50 ? If he then earn twice as much 
more, what will represent his amount ? If he now has 10 
cents less than twice as much as at firjst, what will be the 
equation ? Solve it 

2. A merchant starts in business with x dollars. At the 
end of the first year he has trebled his money, and deducted 
$500 for expenses. What expression represents the number 
of dollars he then has for beginning business the second year ? 
By the end of the second year he has doubled the money that 
he had at the beginning of that year, but has deducted again 
$500 for expenses. What expression represents the number 
of dollars that he now has ? If this be 3 times as much as he 
had at first, what will be the equation ? Solve it 

54. The student will bear in mind the instructions given 
before about the solution of problems, some of which are 
repeated: 

Let x represent one of the unknown quantities, and find ex- 
pressions for the others. 

From the given relations between these quantities construct an 
equation. Solve the equation to find the value of x, and from 
that find the values of other needed expressions. 

In explaining, give the reasons for the expressions after 
the expressions are given. But give the reason for the equation 
before the equation is given. 

If much difficulty is found in constructing the equation, let 
the expressions for the various unknown quantities be very 
fully stated and their relations carefully examined. 

The solution of the following problem illustrates these 
instructions : 
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Pbob. A farmer takes a ton of hay to market, and with its 
proceeds buys 9 yards of doth, and has $2.75 remaining. 
Had the doth been 2£ cents per yard cheaper, he could have 
bought 10 yard* a»d had <4 remaining* What was the price 
per yard of the cloth? 

Note, — In the following statement and solution the reason* are given 
in italics, and should be given in the oral explanation, but need not b* 
written down w&en the example as worked on the slate .or blackboard. 



Statement. Let x - the number of cents per yard for the 

cloth; 

ihen 9 x - the cost, in cents, of 9 yards, 

and $x + 275 - the whole amount, in cents, received for 

the h&j—becaim the farmer hougfy 

9 yards of cfath, and hod $2.75 «a- 
maining. 

b r- 2§ m price, in cents, had the cloth been $5 
cents less per yard ; 

10 (x — 25) ■■ cost, in cents, of 10 yards at that price ; 

10 (a - 25) + ,400 = jthe whole amount, in cents, received 

for the hay — because, had (he prie§ 
been 25 cents less, he could have bought 

10 yards, and had $4.00 remaining. 

And since both 9 x + 275 ana* 10 (x - 25) + 400 represent 
ihe amount received for the hay, they must be equal to each other. 

Hence, we have the equation, 

^0(a?-25)+40P- t 9«^.?75; 
Soi/^riON. Performing the indicated multiplitaUon, 

10 x - 250 + 400 - 9s + 275. 
{Transposing and eoUeeUng, urn find 

x - 125, the price of Ihe cloth. 

Proof 9 > 125 + 275 - 10 * 100 + 400. 

Collecting, 1400-1400. 
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PROBLEMS. 

Note. — Suggestions on the solution of the problems on this page will 
be found on page 245. 

1. A man's age is 3 times his son's age. 6 years ago it was 
5 times his son's age. How many years old are each ? 

2. John is 6 years older than James. In 5 years 3 times 
John's age will be equal to 4 times James's. How many years 
old are each ? 

' 3. A man's boat broke loose and drifted down stream at the 
rate of 2 miles per hour. 6 hours afterward he secured an- 
other boat, and started after it at the rate of 5 miles per hour. 
In how many hours will he overtake it? 

4. A man can row 3 miles an hour in still water. He rows 
with the current of the river, in 1 hour, a distance that it 
takes him 2 hours to row back. How many miles per hour 
does the current move ? 

5. A and B are walking together. After going 3 miles, A 
finds he has left his watch behind. If B goes on at the rate 
of 3 miles per hour, and A goes back after the watch and 
returns, travelling 4 miles per hour, in how many hours will 
he have overtaken B ? 

6. A man agreed to take $2 a day for every day he works, 
and pay $1.25 for board for every day he is idle. At the end 
of 24 days he receives $35. How many days has he worked ? 

7. A man agreed to take a certain sum for every day that 
he worked, and to pay $1.50 less than that sum for every day 
that he was idle. He worked 10 days out of 16, and was paid 
$25, What amounts were his wages and board ? 

8. A man hired 3 men, 5 women, and 8 children. The 
women received 3 times as much as the children, and the men 
received 35 cents a day more than the women. Their daily 
wages amounted to $10.65. How much did each receive for 
a day's work ? 

6* E 
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9. George is 15 and Thomas is 18. How many years age 
was Thomas twice as old as George ? 

10. A man bought a horse and harness and carriage. The 
horse cost $100 more than the harness, and the carriage cost 
as much as the horse and harness together. The three to- 
gether cost $100 more than twice the cost of the horse. How 
many dollars did each cost ? 

11. When a menagerie-keeper, who is 6 feet high, stands 
up on an elephant, he is just the height of a giraffe, which is 
4 feet less than twice as high as the elephant What are the 
heights of the giraffe and elephant ? 

12. A man has a certain number of sheep. He sells 10, 
buys as many more as he has, and sells 34. He then buys 
twice as many as he had left, when he has 2 less than at first. 
How many had he at first ? 

13. In a certain school there are J. 2 more girls than boys; 
but 10 more girls came and 4 boys left, when there were twice 
as many girls as boys. How many were there of each at 
first? 

14. A gardener laid out a plot of ground in the form of a 
rectangle, 3 feet longer than it was wide. He laid out another 
rectangular plot 6 feet wider and 5 feet shorter, and found that 
the two were exactly the same size. What were the dimen- 
sions of each ? 

15. 5 yards of muslin could be bought for a certain sum ; 
but the price having fallen 2 cents a yard, 6 yards can now 
be purchased for the same sum. What was the cost of a yard 
at first ? 

16. A merchant starts business with a certain sum of 
money. He doubles it the first year, but deducts $750 for ex- 
penses. In the second year he doubles the amount left at the 
end of the first, and deducts $1000 for expenses. During the 
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third year he again doubles the amount he had at the begin- 
ning of that year, and again deducts $1000 for expenses. He 
has now twice as much as he had at first How many dollars 
had he at first ? 

Suggestion. — Find expressions for the number of dollars at the end 
of the first, the second, and the third years. 

17. A merchant started in business with a certain amount 
of capital. The first year he doubled his money, but deducted 
$1500 for expenses. The second year he trebled his money, 
and again deducted $1500 for expenses. He now had nothing 
left. How much had he at first ? 

18. A person proposed to give 6 cents to each of the boys 
of a party and 5 to each of the girls, there being 32 more 
girls than boys. One more girl being added to the company, 
the same amount of money was just sufficient to give 5 cents 
to each person. How many boys and girls were there at first ? 

19. A man is 4 miles from home. How much further can 

he ride at the rate of a mile in 10 minutes if he has to walk 

back to his home at the rate of a mile in 15 minutes, so as to 

reach it in 2^ hours. 

Suggestion. — Find expressions for distance he would walk and time 
he would both ride and walk. 

20. Four boys agree to contribute the same amount each 
for a sled, but a fifth boy joining them they decide to give 
each 20 cents more than they had intended and buy a better 
sled, costing $2 more than the other. How much did they 
pay for the sled? 

Suggestion. — Let x = share of each boy at first 
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SECTION XX. 

EQUATIONS CONTAINING TWO UNKNOWN 

QUANTITIES. 

55. What is the value of jc in the equation 5 x + y - 22 
if y -2? 

Solution: Putting 2 in place of y, the equation becomes 

5a; + 2 - 22. 

Transposing and collecting, 5 a? - 20. 

Dividing by 5, we find x *= 4. 

This operation of putting the value of a letter in place of 
the letter itself is called Substitution* 

Ex. What is the value of y in the equation 3 x + 4 y - 46 
if x = 6? 

Solution. Substituting the value of x, we have 

18 + 42/ = 46. 

Transposing and collecting, 4y = 28. 

Dividing by 4, we find y — 7. 

In the same way solve the following equations : 

WRITTEN EXAMPLES. 

1. Find the value of x when ( 2x ~ 3y **j- 

2. Find the value of y when |«* + 2y - 101 

3. Find the value of a; when j 9x " 6y " 3 jj I . 

4. Find the value of s when J6*-7y -6) 

I 3/ - 2) 

56. If two quantities be equal to each other, and we multiply 
them both by some other quantity, the two products must be equal 
If we divide the two quantities by some other quantity, the two 
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qnotients will be equal, 1* the seme wag f if some quantify be 
added to or subtracted from each of the equal quantities, the two 
results in each case will be equal. 

If 5x — 15, we may multiply both members or parte by 2, 
and have 10 x — 30. 

If 3 x + 4 y — 18, we may multiply both members by 3, and 
have 9 x + 12# =» 54. 

If — x = — 6, we may multiply both members by — 1, and 
obtain x *» 6. 

If - 2s + 6 y «- — 4, we may multiply by - 1, and obtain 
2 a?- 6y - 4. 

Multiplying by — 1 simply changes all the signs. As we 
may always multiply the members of an equation by - 1, we 
may change all the signs of any equation, and still have the 
two members equal. 

57. Find the value of x and y when 

2x + Sy -17, 
and 4& - 3y - 7. 

Solution. Here we cannot find the value of x or y, as 
before, by substituting the value of one of the letters, for we 
do not know it. If, however, we add together the correspond- 
ing members of the two equations, the terms containing y, 
having the same coefficients and different signs, cancel out. 

2s + 3y = 17 

4s - 3y » 7 
Thus adding, we have 6 a; =24 

Dividing by 6, we find x =4 

Substituting the value of z in the first equation, 
we have 8 + 3 y — 17. 

Transposing and collecting, Sy - 9. 
Dividing by 3, we find y = 3. 
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Proof. Substituting these values in the first equation, we 

have 

8 + 9-17; 

16 - 9 - 7. 

Ex. Find the values of z and y when 

6x + 2y -46; 
6x-4y = 16. 

Solution. Here, also, we have no value to substitute. If, 
however, we subtract the members of the second equation from 
the corresponding members of the first, it is evident that the 
terms containing x will cancel out. 

6z + 2y =46 

6s-4y-16 

Thus, subtracting, we have 6 y - 30 

Dividing by 6, we find y = 5 

Substituting the value of y in the first equation, 

6 a; + 10 = 46. 

Transposing and collecting, 6 z = 36. 

Dividing by 6, we find z - 6. 

Proof. Substituting the values of z and y in the first equa- 
tions, we have 

36+ 10-46; 

36 - 20 - 16. 

68. If s + 3i/-14, 

and z - 5, on substituting the value 

of z the first equation becomes 

5 + 3i/-14. 

In this x does not occur, and the value of y can be readily 
found. 



EQUATIONS— TWO UNKNOWN QUANTITIES. 71 

If 3<r + 4y-20, 

and 3x — 2y - 6, we have, on subtracting, 

6y = 12. 

In this equation x does not occur, and the value of y can 
be found. 

The operation of combining two equations so as to get rid 
of one of the letters is called Elimination. 

There are other methods of elimination, but the two above 
explained are those oftenest used. The first is called Elimi- 
nation by Substitution; the second, Elimination by Ad- 
dition or Subtraction. 

59. In the following examples one of the letters has the 
same coefficient in each equation. 

If the signs of these terms are unlike, add the corresponding 
members together. If the signs are alike, subtract tliem. 

Note. — The pupil will bear in mind that in subtracting we change 
the signs in the subtrahend and add it to the minuend. 

Find the value of x and y in the following equations : 

WBITTJSHT EXAMPLES. 

! (2s + 5y = 24) 4 f7*+7y- 42) 

' I2s + 2y-12j' ' 13a; -7y- -12) 

2 (7x-3i/ = 32) 5 (10& + y-32) 
" l4*-8y-17j' " 1 8s + y-18J 

3 f 8*+32/- 65) 6 f *+5y-16) 
( -8x-9y- -83) ' I4a-5y-14j 

60. Given 2x + 5y = 22, 

x - 2y — 2, to find the values of x and y. 

Solution. Here the coefficients of neither of the letters 
are alike. If, however, we multiply the members of the 
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second equation by 2, the coefficient of x in it will become 

equal to the coefficient of a; in the other. The second will 

thus become 

2x - 4y = 4; 

and this, with the first equation repeated, will give us 

2x + by = 22, 

2 x — 4 y — 4. 

These can now be solved as before. 

Ex. Given Sx + 6y = 60, 

4 a; + 5 y = 56, to find the values of a; and y. 

Solution. — Here, as in the last example, we wish firsfc to 
make the coefficients of one letter alike. We can make the 
coefficients of x alike by multiplying the members of the first 
equation by 4, and those of the second by 3. This will make 
both coefficients of x, 12. The equations will become 

12 a; + 24 y = 240, 

12a; + 152/ = 168 - 

Subtracting, because the signs of the terms having the same 
coefficient are alike, we have 

9i/ = 72. 

Dividing by 9, we find y = 8. 

Substituting this value in the first equation, 

3 a; + 48 - 60. 
Transposing and collecting, 3 a; = 12. 
Dividing by 3, we find x = 4. 

Proof. Substituting these values in the first two equations, 

12 + 48 * 60, 
16 + 40 = 56. 
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61, The two coefficients of the same letter can always be 
napde alike by multiplying the members of each equation by 
the coefficient of that letter in the other. Sometimes a smaller 
number is sufficient. If one term of an equation be multiplied, 
all the rest must also be multiplied by the same quantity. 

We have therefore the following rule for solving equations 
containing two unknowns: 

Rule, — L Make the coefficients of one letter in both equations 
equal to each other by multiplying the members of one or both 
equations. 

II. If the eigne of these terms are different, add the corre- 
sponding members. If the signs are alike, subtract them. This 
will eliminate one letter, and the value of the remaining one can 
be found by division. 

IH. Substitute this value in one of the equations to find the 
value of the other letter. 

Find the values oix and y in each of the following pairs of 
equations : 

WRITTEN EXAMPLES. 

As a Mental Exercise, let the pupil tell by what numbers the 
members of the different equations are to be multiplied. 

1 Ux- 3y-10) g (13s- 17 y - -77) 
l2x-3y- 2) t26s + 7y«-31j 

2 f6s-10y »24) * f - 4s - y = -36) 
12s- 4y« 6) I 7s + 2y» 64) 

o [lx + 5y = 42) 8 (x + y -22) 

l3s-8y--53r *U-y- 2) 

4 (9x-8y = 29) 9 (3s-2y^ - 5) 

12a; + 4y - 18 J ' 12* - 3y <- - 10 J" 

g fl2s-10y = 56) w f4x-2y-28) 

1 7*- 5y-31) (3x + 5y-47i 
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62. If the equations be not in the regular form for elimina- 
tion, their terms must be transposed and arranged similarly in 
both equations. 

Ex. Given 4x - 18 + 5y, 

and 4y - 29 = - 3 x, to find x and y. 

Solution. Transposing, the equations become 

4x- by = 18, 
3x + 4y = 29. 

These can now be solved as before. 

Transpose, arrange similarly, and solve the following pairs 
of equations. 

WRITTEN EXAMPLES. 



1 | 2x - 23 -yl 
" I4x — 6 = 6y 3 


. f 2a;-3y-23) 
l3a; + 32-4y J * 


o f 51 - by = 4a;) 

M 2,-1-, r 


g f 5*-22-2y) 
l2x + 4-=12t/ J 


3 {14-»y--4.J. 
I x-43 - -7yi 


6 f25 + 5y -3x ) 
' I 25y -5 + 2x1" 



SECTION XXI. 

EXERCISES IN EQUATIONS OF TWO 
UNKNOWN QUANTITIES. 

WRITTEN EXAMPLES IN THE FORMATION AND SOLU- 
TION OP EQUATIONS CONTAINING TWO UNKNOWN 
QUANTITIES. 

1. If 3 times one number, plus 4 times another, equals 10, 
and 5 times the first, minus 2 times the second, equals 8, what 
are the numbers? 

Note. — In these examples form the equation without forming any 
intermediate expression. 
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Statement. Let x - one number, 

and y = the other. 

Then, because 3 times the first, plus 4 times the second, equals 
10, we have the first equation, 3 x + 4y - 10; and because 5 times 
the first, minus 2 times the second, equals 8, toe have the second 
equation. (Here write the equation.) 

2. If the sum of two numbers is 18, and the difference of 
them is 4, what are the numbers ? 

3. If the sum of two numbers is 20, and twice the first 
minus the second, is 1, what are the numbers? 

4. If 4 times the cost of a pound of sugar, plus 5 times the 
cost of a pound of rice, is 76 cents, and 2 times the cost of a 
pound of sugar, plus 3 times the cost of a pound of rice, is 42 
cents, how many cents a pound does each cost? 

5. A grocer sends the following bill : 

3 pounds of coffee and 2 pounds of tea, $2.14 

4 pounds of coffee and 3 pounds of tea, 3.07 

How many cents per pound did he charge for each ? 

6. On a merchant's bill were the following items : 

10 yards of calico and 6 yards of muslin, $1.40 

7 yards of calico, less 3 yards of muslin returned, .26 

What was the price per yard of each? 

7. A butcher bought from one man 4 cows and 5 calves for 
$150. He bought from another 3 cows, and, after deducting 
the price of 2 calves which he sold him, he paid a balance of 
$78. For how many dollars each were the cows and calves 
sold? 

MENTAL EXERCISE IN THE FORMATION OF EXPRESSIONS 
AND EQUATIONS CONTAINING TWO UNKNOWN QUAN- 
TITIES. 

1. If x » number of pounds of tea purchased at 40 cents a 
pound, what represents the cost of the tea? 



76 ELEMENTARY ALGEBRA. 

2. If a man buys x pounds of sugar at 10 cents a pound, 
and y pounds of coffee at 25 cents a pound, what expression 
represents the number of cents he has spent? 

3. If a miller mixes * bushels of wheat of one kind with y 
bushels of another, and the mixture measures 16 bushels, what 
equation can be made ? 

4. In the case above, if the first wheat is worth $1 per 
bushel, and the second 90 cents per bushel, and the whole 
mixture is worth $15, what equation can be made? 

5. If A has as dollars, and £tves away $10, what expression 
represents the number he has left ? 

6. If B has y dollars, and receives $10, what represents 
the number he then has? 

7. If A has x dollars, and B has y dollars, and B gives A 
$6, what expressions represent the amounts each have? 



SECTION XXII. 

SOLUTION OF PROBLEMS INVOLVING EQUA- 
TIONS CONTAINING TWO UNKNOWN QUAN- 
TITIES. 

1. A mast worked 10 days and his sop worked 6 days, when 
their united wages amounted to $13.80. At another time the 
man worked 6 days and the son 4, when the wages received 
were $8.40. How much did each receive for a day's work 1 

2. A man buys 12 pounds of sugar of two kinds for $1.04. 
One kind of sugar costs 6 cents, and the other 10. How many 
pounds of each did he buy ? 

3. A farmer takes 10 pounds of butter to a store, and re- 
ceives for it 22 pounds of sugar and 2 cents. On another 
occasion he takes 6 pounds of butter, and receives 13 pounds 
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of sugar and 3 cents, the prices being the same as before. At 
what prices were the butter and sugar estimated T 

4. A woman exchanged 9 dozen eggs for 7 yards of dress- 
goods, and received 3 cents change. But, wanting 5 yards 
more, she gave for them 6 dozen eggs and 3 cents. At what 
prices were the eggs and dress-goods reckoned ? 

5. A person has some balls of lead of one size, and some 
balls of iron of another. 3 balls of lead just balance 2 balls 
of iron and a 2-oz. weight, and 7 balls of lead and a 2-oz. 
weight will just balance 6 balls of iron. How many ounces 
does a ball of each weigh? 

6. A and B had together $27. But when B gave to A $3, 
A had twice as much as B had left. How much had each at 
firet? 

7. A man valued his poultry, consisting of 30 chickens and 
18 ducks, at $16.20. But a fox having killed 8 chickens and 
6 ducks,, what he had left was only worth $11.40. At what 
price per fowl did he rate them? 

8. A man asked a miller to grind 12 bushels of corn and 
oats together, taking such an amount of each as would make 
the meal worth 40 cents a bushel, corn being worth 50 cents 
and oats 35. How many bushels of each should the miller 
put in? 

9. A merchant has two kinds of oil — one worth 14 cents a 
gallon, and the other worth 24 cents. He wishes to fill a 40* 
gallon cask, so the mixture will be worth 18 cents a gallon. 
How much of each must he take ? 

10. A lady bought a piece of muslin at 12 cents a yard, 
and 6 yards of linen, the two pieces costing $2.40. At an- 
other time she bought twice as much of the same muslin, and 
4 yards of linen costing twice as much as the former linen, 
the bill this time amounting to $4.00. How many yards 
of muslin were bought each time, and what were the prices 
of the linen ? 

7* 
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11. A man engaged to be paid a certain sum per day for 
every day he worked, and to pay a certain sum for every day 
that he did not work. During the first 24 days he worked 20, 
and received $55. During the next 24 days he worked 14, 
and received $29.50. What were his wages, and what his 
board ? 

12. A person has two vessels whose capacity he wants to 
find. 5 measures of the smaller and 1 measure of the larger 
just fill a bushel ; and if from 6 measures of the larger 2 
measures of the smaller be taken, the result will fill a bushel. 
How many quarts will each of the vessels contain? 

13. A seine on being drawn from the water was found to 
contain 2580 shad and herring, which were valued at $24, the 
shad being worth 10 cents apiece, and the herring 25 cents a 
hundred. How many of each kind were there, the herring 
being counted by even hundreds? 

Suggestion. — Let x — the number of shad, and y «= the number of 
hundreds of herring. 

14. A works at a trench for 8 days, and B then finishes it 
in 5 days, and $22 is paid for the whole work. If A can do 
as much work, and therefore earn as much, in 6 days as B in 
10 days, what part of the $22 should each receive ? 

Suggestion. — Let x = number of dollars per day A earned, and 
y = number B earned. 

15. A carpenter earned $2.50 every day that he worked at 
his trade, and cut wood for $1.25 a day when he had no 
carpenter-work. At the end of 48 days he had earned $110. 
How many days was he employed at each kind of work ? 

16. At the end of one week a person paid wages to 7 men 
and 10 boys, amounting to $86. At the end of another week 
he paid, at the same rate, to 9 men and 12 boys, $108. How 
much per week did each earn ? 
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SECTION XXIII. 
DIVISION BY MONOMIALS. 

DIVISION BY NUMBERS. 

63. Ex. Divide 9ax by 3. 

Solution. Since 9 ax means 9 times ax, one third of 9 
times az is 3 times ax f or 3 ax. 

Division in Algebra is often indicated by writing the quan- 
tities in the form of a fraction, with the divisor for the denomi- 

9 ax 
nator. Thus, 9 ax divided by 3 would be expressed — -, and 

12c* 
would be read, 9 ax divided by 3. In the same way, — — 

indicates 12 c* divided by 4, and is so read. 

Perform the division indicated in the following examples : 

MENTAL BXEKOIBK. 

. 15a* Q 36(10? K 6a*y 

1. — — — . o. — — — . o. — — — • 

5 12 2 

ISabc A -27s 8 a -406* 

2. — - — , 4. — - — . 6. — — — • 

6 9 10 

64. The quantity by which we divide is called the Divisor; 
the quantity divided is called the Dividend. The number of 
times which the divisor is contained in the dividend is called 
the Quotient. 

Ex. Divide 27a? by -3. 

Solution. Since the quotient shows how many times the 
divisor is contained in the dividend, the divisor multiplied by 
the quotient must give the dividend. Whenever a case of 
division is too difficult to perform at the first glance, we pro- 
ceed to find what number we must multiply the divisor by to 
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get the dividend. What then must we multiply — 3 by to 
get 272?? Remembering thai in multiplying by a minus 
quantity we must change the sign of the product, we see that 
— 3 must be multiplied by — 9a?; hence, — 9z* is the quo- 
tient; that is, — -- «=* — 9 a?. 

Hence the following 

Rule. — In dividing by a quantity with a minus sign, the sign 
of the quotient is minus when that of the dividend is plus, and 
is plus when that of the dividend is minus. That is, dividing 
by a minus quantity changes the sign of the term. 

T 8 of ft . - 2dax - 

Illustration. — - - 2a?; — . - oax. 

— 4 -5 

Perform the division indicated in the following 

MENTAL EXERCISE. 

4oa? Q - 8 mn* K - 75 t?d 

- 2 4 - 25 - 

-20 3/^ A S2abc a 12 ay 8 

l ' ~~JT' 4 * -8 • -6 ' 

($&• Note. — Where a polynomial is to be divided, divide each term 
separately, changing all the signs if the divisor has a — sign. 

Illustration. 

4ay + 2y ft 14a?- 21 y* o«.o> 

— *- — * = 2ay + y; — — *- - - 2x*+Sy\ 

m 25a -206 + 15c . A 42c' - 36cd + 18cP 
7 - ~ 5 • ia J— ' 

. -90ax-54j?+27xy „ 496* - 56 6c + 21^ 



■*A_^l»i 



9 -7 

ft 24s» - 48y* - 96z* 10 48 abc - 60 o&' + 12 <f 

9 - Ti2 * 12, 6 ' 
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DIVISION BY LETTERS. 

66. Divide abc by ab. 

Solution. Remembering that the quotient is that quantity 
by which the divisor must be multiplied in order to give the 
dividend, we see at once that ab must be multiplied by c to 
give abc. Hence, c is the quotient. So in every case we must 
multiply the divisor by those letters of the dividend which the 
divisor lacks ; that is, by those letters which would be left in 
the dividend after striking out those of the divisor. 

Ex. Divide cdxy by ex. 

Solution. Striking out c and x from the dividend, we have 
dy for the quotient. 

Ex. Divide 15 may by Zy. 

Solution. Divide first by the 3 ; we have 5 may ; then by 
y, and we have 5 ran. 

The result would have been the same had we divided 15 by 
3 and may by y. Hence the 

Mule* — In dividing by a monomial, divide the coefficients 
first, and write after the result the letters which are left of the 
dividend after striking out those of the divisor. If the divisor 
have a minus sign, the sign of the quotient will be changed from 
that of the dividend. 

Perform the division indicated in the following 

mental exercise. 

„ 7 a*x — 4 fee + 5x A 12 acm — 9 cdmx + 3 cm 
1. . 4. — . 

x ocm 

14 bed - 16 acd + 18 cdx - 45 aben — 15 bdnx + 10 buy 
I. ■ — - — . o. — . 

2 cd bbn 

- 16 obey + 20 ax y- 40 axyz - 24 a bc - 42 aqj + 12 oc 

— 4 ay — oac 

F 
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67. Divide a' by a'. 

Solution. The exponent 7 in the dividend indicates 7 a's 
multiplied together. The exponent 3 in the divisor indicates 
3 a's multiplied together ; hence, striking out 3 of the 7 a's in 
the dividend, we will have 4 a's for the quotient, or a 4 . 

The number of letters in the divisor is subtracted from the 
number of letters in the dividend to find the number in the 
quotient. But the exponents show the numbers. Hence the 

Rule. — When the same letter occurs in both dividend and 
divisor ', subtract its exponent in the divisor from its exponent in 
the dividend to find its exponent in the quotient. 

Illustration. 

^-a«, ^-2x«, and 20 ^- 12 ^ *^. 
a 2 2ax 4a*/ 

Note. — Remember that when no exponent is written, 1 is understood. 
Thus, x = x\ 

Perform the division indicated in the following 





MENTAL igyyRfiT«P! 1 


1. 


a" 


4c 4 dx-7aVd 


2. 


loaf 
3» ' ■ 


a ~.9x 5 + 10tf 4 -6a* 
8 ' -a* 


3. 


l&b'<*x 
-3fo*c" 


24a 4 &c t - 60aVy 
-12aV 


4. 


25;cY- ZOa&y 

• 

bx*y 


Hn -48& 6 -12& 6 c + 6&V 


10 - 6 ft 4 


5. 


- 14a6e , + 42ae 4 d 
-7ac* 


- aW + aVx 5 - aW 
- cfc*x 


6. 


UrnSi- 32m 4 
8m* 


+ am*n 4 y - bm*n*if 
mrny 



13. 
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9 6V - 12 tf&V + 6 6»eW 



36V 

28afyz'- 16 zVz' + 4*V 
4x*yz* 
, _ - 14c 4 dy + 35 crfy* - 21 cy 1 

-ley 1 
!%VnY - 546 < ny -i- 366'tjY 

9b % nf 

- 18aVaY + 24qAfy T - lOaVxy 

-2ewV 



SECTION XXIV. 
ARRANGEMENT OF TERMS. 

68. It is often convenient to have the terms of a polynomial 
regularly arranged. This is done when the terms are placed 
in the order of the exponents of one of the letters. Thus, 
a? + x* + x-ktia arranged with the term containing the high- 
est exponent of x first/ and the others regularly following, 
l+y + y' + y 3 is regularly arranged, because the term con- 
taining the lowest exponent comes first and the others follow 
in order. The term containing the highest exponent is gen- 
erally placed first. 

Give the regular order for the terms of the following poly- 
nomials. 

MENTAL EXERCISE. 

1. x + 2a* - Sx*. 4. &• + b - 36* + 56'. 

2.Y + y 4 -3y- 5y*. 5. x* - 4x* + 6x i -2x* + z X0 . 

3. a 8 -4a + 7a\ 6. 6^ - 7*/ + 4^, 



84 ELEMENTARY ALGEBRA. 

69. When two or more letters occur in each term, the terms 
are arranged with reference to the exponents of one of the 
letters. 

7. Arrange with reference to a, 2 ax + a* + x*. 

8. Arrange with reference to x, 3 a?y + afy 8 + 3 xy*. 

9. Arrange with reference to c, <?% + ex 1 + c 3 + X s . 

10. Arrange with reference to a, the two polynomials, 

a; + a and 3 a*z + a 8 + a? + 3 arf. 

Arrange with reference to the same letter, the terms of the 
two polynomials in each of the following examples : 

11. a + b and 6* + 2 ab + a\ 

12. 2a*/ + y* + a;* and a? + y 3 + 3afy + 3a^\ 

13. a 8 + a? — ox and a? + a\ 

14. a* -b and 6' + a 4 - 2a 2 6. 

15. - 2 + 2a; and - 2a? - 6a; + 2 + 6a?. 

16. a* + it? + ax and a 4 + x K + aV. 



SECTION XXV. 
REVIEW OF SUBTRACTION. 

Minuend, 10 ax 

Subtrahend, 6oa; 

Remainder, 4 ax 

7(h If the pupil finds it difficult to remember which part is 
the minuend and which is the subtrahend, let him think that 
Minuend means, that which is diminished, and Subtrahend, 
that which is subtracted. The similarity between subtracted and 
subtrahend should make that part easily remembered. 

The Remainder is that quantity which must be added to the 
subtrahend, or subtracted quantity, to give the minuend, or 
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diminished quantity. As shown in Art. 28, it may always be 
found by adding the subtrahend, with its sign changed, to the 
minuend. 

We add as if the signs were changed, and do not actually 
change them. 

In performing the addition, only similar terms can be col- 
lected into one. When the terms are not similar, we must 
connect them with their proper signs. 

Subtract the following : 

MENTAL EXERCISE. 

1. x + y 2. x - y 3. a*x 4. b 

x - y x + y ax* a 



5. x* + ax + x* 6. a 8 - b> 7. a* - V 

x - 2 ax + x* a* - a 7 b a* + a*6 + ab* 



8. a* + 2ab + b* 9. 7 a* -Say + 9^ 

a'+ ab 3a' - 7 ay - 2y* 

WRITTEN EXAMPLES. 

1. Subtract 2 x + 3 from 6 x + 9, and from the remainder 
subtract again 2 x + 3, continuing that operation until there 
is no remainder. 

2. Subtract 4 a* - 26* from 16 a 2 - 86*, and repeat the 
subtraction until there is no remainder. 

3. Subtract 2 ed + 3 x from 4 ed + 6 x, and continue the 
subtraction until there is no remainder. 

4. Subtract a* - 2 x* from 3 a* + 2 x* 9 and continue the sub- 
traction until there is no term containing a*. 

5. Multiply 2 z + 3 by 3, and subtract the product from 
6x + 9. 

8 
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6. Multiply 4 a* - 2 6* by 4, and subtract the product from 
16a 1 -86'. 

7. Multiply 2 cd + 3 x by 2, and subtract the product from 
4cd + 10 z. 

8. Multiply a* — 2 x* by 3, and subtract the product from 

3 a* + 2x*. 

9. Multiply 2c + 3d by such a number that the product, 
on being subtracted from 10c - 2d, will cancel out the first 
term. 

10. Multiply 6 6* — 4 by such a number that the product, 
on being subtracted from 18 6 s + 4, will cancel out the first 
term. 

11. Multiply 4 ay - 3y* by such a number that the 
product, subtracted from 24 xy — 183/*, will cancel out the 
first term. 

12. Multiply a + x by a, and subtract the product from 

a % + 2 ax + x\ 

13. Multiply a + x by x, and subtract the product from 

ax + 3*. 

14. Multiply x + y by such a letter that the product, on 
being subtracted from a? + 2xy + y 1 , will cancel out the first 
term. 

15. Multiply x + y by such a letter that the product, on 
being subtracted from xy + y a , will cancel out the first term. 

16. Multiply a + b by such a letter that the product, on 
being subtracted from a 1 - &*, will cancel out the first term. 

17. Multiply a + 6 by - i, and subtract the product from 
- ab - b\ 

18. Multiply cf + ax + s 8 by o, and subtract the product 
from a 8 - s 8 . 
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SECTION XXVI. 
DIVISION (Continued). 

71. One quantity contains a leas quantity as many times as 
the smaller may be taken away, or subtracted, from it. 

In Division the quotient shows how many times the divi- 
dend contains the divisor. Hence, we may obtain the 
quotient by finding how many times the divisor may be sub- 
tracted from the dividend. This is the method in all Long 
Division. 

In dividing one polynomial by another, as a* + 2 ax + x" by 
a + x, we take at each subtraction not the divisor itself, but 
that number of times the divisor which will cancel out the 
first term of .the dividend ; that is, we multiply the divisor by 
such a number or quantity as will make its first term equal to 
the first term of the dividend, and then subtract this product. 
By cancelling out the terms one after another in this way, by 
successive subtractions we will finally obtain the smallest pos- 
sible remainder. By adding together the quantities by which 
the divisor was multiplied, or taken, at each subtraction, we 
will find the whole number of times that the divisor was taken 
from the dividend. This will be the quotient. 

The multiplier in each case may be found by dividing 
the first term of the divisor into the first term of the divi- 
dend. 

72. Divide 6x + 2 by Zx + 1. 

Solution. Writing the example in the usual form for long 
division, we divide 3 x into 6 a; to find what number of times 
3 x + 1 must be subtracted from 6 x + 2 to make the first 
terms cancel. 3 x is contained in 6 as 2 times. Placing the 2 
in the place for the quotient, multiplying the divisor by it, 
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and subtracting the product from the dividend, we find no 
remainder. The whole operation would be — 

Divisor. Dividend. Quotient. 

6x + 2 

Hence the quotient is 2, because 2 times the divisor sub- 
tracted from the dividend leaves no remainder. 

Ex. Divide 126* + 16a by 46* + 2a. 

Solution. Writing the quantities as before, finding the 
proper multiplier by dividing the first term of the divisor into 
the first term of the dividend, multiplying the divisor by it, 
and subtracting, the work stands thus: 

Divisor. Dividend. Quotient. 

4&' + 2a;i26 , + 16aU 
12ft* + 6a 

10 a Remainder. 

We have here a remainder of 10 a. This is as simple a 
remainder as we can get ; so we indicate the division of it by 
writing it over the divisor, as a fraction, the whole quotient 

, . 10 a 

being 3 + — - — - — . 
5 46* + 2a 

Ex. Divide ax + b by x + y. 

Solution. Performing the operation as before, we have 

Divisor. Dividend. Quotient. 

, , i b - ay 

x + y)ax + b ya + *- 

* x + y 

ax -f ay 

b - ay 
In the same way perform the following 

WRITTEN EXAMPLES. 

1. Divide 10c 8 + 5d by 2c 8 + d. 

2. Divide 18o6 + 96 s by 6o6 + 26". 

3. Divide ax + a? by a + x. 
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4. Divide xy + y 2 by a: + y. 

5. Divide a* + ax by a + z. 

6. Divide 3 a* + 3 ax by a + x. 

7. Divide a? + x*y by a; + y. 

8. Divide 4o6* + 9b by 2a6 + 3. 

9. Divide 2xy + y 2 by 2x - y. 

10. Divide 6cd + d 2 by 3c - 4 A 

11. Divide 4s + 4y by x + y. 

12. Divide 6a? + 6a; by 2a? + 2x. 

73. Divide a? + y* - 2$y by as - y. 

OPERATION. 
Divisor. Dividend. Quotient. 

x - y ) ** - 2x & + y*{z - y 

X s — xy 

- xy + y* 

- qy+ff* 

Explanation. We must first arrange the terms regularly 
with reference to the exponents of x. This will put the dividend 
in the form x* — 2 xy + y\ Then, writing the example, and 
proceeding as before, we have the first remainder, — xy + y*. 
Now, since x 9 the first term of the divisor, is contained — y 
times in - xy 9 the first term of the remainder, we multiply 
the divisor by — y, and subtract the product from the re- 
mainder. This cancels out its first term. Performing the 
operation, we find that the last terms also cancel out ; hence 
there is no remainder. We have taken x times the divisor, 
x — y, and — y times x - y from the dividend, and have no 
remainder; hence the dividend contains the divisor exactly 
x and — y times, or x — y times. 

Ex. Divide x 9 + tf by y + x. 

Explanation. Arranging the terms of the divisor and 
dividend regularly with reference to the exponents of the same 

8* 
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letter, we have the divisor in the form of x + y. Proceeding 
as before, we have the following result : 

Divisor. Dividend. Quotient. 

x + 2/^ + 2/ 4 ^ 3? - vy + if 

7? + x*y 

-afy- xy* 



: + ^ + y 8 

The quotient is a? - xy + y % 9 because the divisor has been 
subtracted a? and — xy and y* times from the dividend, leaving 
no remainder. 

The preceding principles are contained in the following 

Mule. — I. Arrange the terms of both divisor and dividend 
according to the exponents of ike same letter. 

II. Divide the first term of the divisor into the first term of the 
dividend. This will give one term of the quotient. 

III. Multiply tke divisor by this term, and subtract the product 
from the dividend. 

IV. The remainder thus obtained will make a new dividend, 
and the operation will be continued till the first term of the divi- 
dend will not contain the first term of the divisor. 

9 

V. Write the last remainder over the divisor in the form of a 
fraction, and add it to the quotient • 

WRITTEN EXAMPLES. 

1. Divide a* + 2 ab + 6' by a + 6. 

2. Divide c 2 - 2cd + d 2 by c - a\ 

3. Divide a* - 6* by a - b. 

4. Divide x* - y 2 by x + y. 

5. Divide X s - 3 tfy + 3 xy* - j/ 8 by x - y. 

6. Divide 4a' + 4a + 1 by 2a + 1. 
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7. Divide of - y A by x - y. 

8. Divide « s -y , by»* + ay + y 1 . 

9. Divide a 4 - 2a*6 + 6* by a* - 6. 

10. Divide 6s» - 2** - 6a? + 2 by 2x - 2. 

Note. — The popil will look carefully to the arrang ement of the fol- 
lowing examples before attempting to divide: 

11. Divide 13a; + 15s 8 - 17 s* - 3 by 5s» - Ax + 3. 

12. Divide 8o?-16o% -406' + 46 s by 2a -26. 

13. Divide 6cdt - 2(ftf - 6<?<Pr- 2^+12^ by 2cd + ±& 
~2(f. 

14. Divide 2d* - aft - 2a<! - 66* + 46c by a - 26. 

15. Divide a* + a? by a - x. 

16. Divide a 4 + of by a + x. 

17. Divide a 4 + aV + aJ 4 by a* + as + a?. 

18. Divide ax + 6x + cx + a2/ + 6y + cybya + 6 + c. 

19. Divide m* + m b - 2m - 2m* by m* + m. 



SECTION XXVII. 
THEOREMS. 

74. The Square of a quantity is the product obtained by 
multiplying the quantity by itself. 

Ex. What is the square of a + b ? operation. 

Explanation. Performing the multiplica* a + & 
tion, we find for the product a 2 + 2 ab + 6*. • ' aM - a6 

Hence, the square of a + 6, which is the sum a »"+ ' 206 + 6* 
of the two quantities a and 6, equals the square 
of a (the first quantity), plus twice the product of a and 6, or 
(the first and second quantities) plus the square of b (the 
second quantity). 
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This may be more briefly expressed in the following theorem : 

Note. The following theorems must be carefully learned, word for 
word: 

Theorem I. — The square of the sum of two quantities is 
equal to the square of the first, plus twice the product of the first 
and second, plus the square of the second. 

75. What is the square of a - 6? operation. 

Explanation. Performing the multiplica- _ 6 
tion, we find for the product a* - 2 ab + b\ a* - ab 

Here the square of o - 6, which is the differ- ,_ 2a6 + ff 
ence of the two quantities a and b 9 is equal to 
the square of a (the first quantity), minus twice the product 
of a and b (the first and second quantities), plus .the square of 
b (the second quantity). 

This may be more briefly expressed thus : 

Theorem II. — The square of the difference of two quantities 
is equal to the square of the first, minus twice the product of the 
first and second, plus the square of the second. 

76. What is the product of a + b and a - 6 ? operation. 

Explanation. Performing the multiplica- a —b 
tion, we have as the product a* — b*. a * + a & 

Hence the product of a + b (which is the -z — 3-^ 

sum of the two quantities a and b) and a - b 
(which is the difference of the two quantities a and b) is equal 
to a* — b\ or the difference of the squares of the two quan- 
tities. 

This may be more briefly expressed thus: 

Theorem III. — The product of the sum and difference of 
two quantities is equal to the difference of their squares. 

These Theorems are useful in abridging the work of multi- 
plication and division. 



USE OF THEOREMS IN MULTIPLICATION. 93 4 



SECTION XXVIII. 
USE OF THEOREMS IN MULTIPLICATION. 

77. Ex. What is the square of x + y? 

Solution, x + y is the sum of two quantities, x and y. By 
the use of Theorem I. we can find its square directly without 
multiplying it out. It will be equal to the square of the first 
quantity, or x*, plus twice the product of the first and second, 
or 2xy, plus the square of the second, or y*. That is, it equals 
7? + 2 xy + y*. 

In the same way, by direct use of Theorem L, perform the 
following examples: 

MENTAL AND WRITTEN EXERCISE. 

1. What is the square of m + n? 

2. What is the square of 2 + x? 

3. What is the square of b + 3 ? 

4. What is the square of 2 a + b ? 

5. What does (c + d)* equal ? 

6. What does (4 + y)' equal ? 

7. What does (a + a;) (a + x) equal ? 
Note. — a + x multiplied by a + x equals (a + a?) 1 . 

8. What does (5x + 2y) (bx + 2y) equal? 

Ex. What is the square of c - d? 

Solution. Since c - d is the difference of two quantities, 
its square may be found directly by Theorem II. without the 
actual multiplication. It will be the square of the first quan- 
tity, or <?, minus twice the product of the first and second, 
or - 2 cd, plus the square of the second, or d 2 ; that is, it 
equals & - 2 cd + cP. 
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In the same way perform the following examples : 

MENTAL AND WRITTEN EXERCISE. 

1. What is the square of a - 6? 

2. What is the square of x — y ? 

3. What does (m - n) % equal ? 

4. What does (3 - x)» equal ? 

5. What does (2 - y) (2 - y) equal ? 

6. What does (3a - 6) (3a - b) equal? 

Ex. What does {x + y)(x - y) equal ? 

Solution. We want here the product of the sum and differ- 
ence of the two quantities, x and y,x + y being the sum, and 
x — y being the difference. This product, according to Theorem 
III., is equal to the difference of their squares ; that is, equal 
to a? - y*. 

MENTAL AND WRITTEN EXERCISE, 

1. What is the product of c + d and c - d? 

2. What is the product of m + n and m - nl 

3. What does (a* - b) (a* + 6) equal? 

4. What does (3 - x) (3 + a;) equal ? 

5. What does (y + 4) (y - 4) equal? 

6. What does (jc* - x) (» 2 + x) equal? 

7. What does (3a + 26) (3a - 26) equal? 

8. What does (5^ + 4z a ) (by* - 4z*) equal? 

78. The two expressions, (a + &)* and (a + 6) (a + b) mean 
exactly the same. Instead of writing a + b twice, we may 
write it once, and affix the exponent 2 to show that it is to be 
taken twice. Both methods indicate the square of a + 6. In 
expanding such expressions use Theorem I. 

Whenever expressions like (m - n) (m - n), or (m - w)* 



USE OF THEOREMS IN MULTIPLICATION. 96 

are to be expanded we use Theorem II., because they indicate 
the square of the difference of two quantities. 

In expressions like (z — 4) (x + 4), where the two terms are 
the same in each parenthesis, but are connected by + in one 
and by - in the other, use Theorem III., because the product 
of the sum and difference is indicated. 

In performing the following examples, first observe which 
Theorem should be used, then derive the result from that directly 9 
without actual multiplication. 

Expand the following expressions : 

« 

MENTAL AND WRITTEN EXERCISE. 

1. (x + y)\ 18. (3aW- 2ac J ) , . 

2. (3 a + b) (3a + 6). 19. (x* - x) (x* + x). 

3. (2a; -2y)(2x- 2y). 20. (2ax - Sx*)(2ax - Sx 9 ). 

4. (6 - x) (6 + x). 21. (3z - 4y) 2 . 

5. (4a- 26) (4a -26). 22. (a - a6) (a + a6). 

6. (a 2 + 6 2 ) 2 . 23. (ax - 2 a*) (ax - 2 a?). 

7. (x* - x) (x* - x). 24. (2a + 56) (2a + 56). 
8.. (5y* - 22*) (5^ + 22 s ). 25. (m* - w 2 ) (m 2 + n 2 ). 
9. (7 - 26)'. 26. (3 s - y*) (x* + j/ 8 ). 

10. (4a + 36)(4a + 36). 27, (a' + af 1 ) 2 . 

11. (2 ac - cd)\ 28. (axy + a^z) 2 . 

12. (4 xy + 1^)*. 29. (4 a6 + 2 by. 

13. (3a# + y 2 ) (3a# - y 2 ). 30. (mw - n 2 ) (m» - n 2 ). 

14. (2 - a;) (2 + x% 31. (2a; + Ay) (2x - 4y). 

15. (4 - 7?) (4 + x 2 ). 32. (1 - 3af) (1 - 3a;). 

16. (rrm - cd) (mn - cd). 33. (Ay + l) 2 . 

17. (x* n- a?) 2 . 34. (6a - 1) (6a + 1). 



96 ELEMENTARY ALGEBRA. 



SECTION XXIX. 
USE OF THEOREMS IN DIVISION. 

79. The foregoing Theorems also enable us, in many cases, 
to shorten the work of Division. 

Ex. Divide a* + 2ab + 6* by a + b. 

Solution. We know by Theorem I. that the square of a + 6 
is a* + 2ab + 6 2 . Therefore, a + b is contained in a* + 2 ab + 6* 
a + 6 times. It might be expressed thus : 

a a + 2a& + 6* 



a + 6 



— a + 6. 



„« „.« 



Ex. What does — equal ? 

x + 3/ 

Solution. We know by Theorem III. that x + y multiplied 
by x - y gives x* - y 2 . Hence — = a; - y. 

Give the results of the following indicated divisions : 



MENTAL EXERCISES. 

Bolve by Use op Theorem I. 

i x* + 2xy. + y l Q 9c» + 2 4crf + 16rf* 
1. . o. — - 

x + y 3c + 4a 

o 4a* + 406 + 6* 4 25 s* + 20sy + 4y* 

2a + 6 " 5x + 2y 

Solve by Use of Theorem II. 

- 6* -26c + c* „ 9m 1 -6mn + n* 
o. . o. . 

o - c 3m - h 
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Solve by Use of Theorem III. 

7. q> ~ 6 ' . 9. W-^s' 

a — b Ay — 5z 

8. ^-^. 10. ^4. 

2 + s or + or 

Solve by whichever Theorem is applicable to the example: 
a*-6ab + 9b* „ 49s 1 + 70*v + 25t/» 



11. 



12. 



13. 



14. 



a- 36 

^-9 
x + 3" 

g'6' - AP 
ab + cd 

4 m* - 4 mn + n* 



2m - w 

1K 25s a + 10a3/ + y > 
lo. ■ , 

ox + y 

4a? -a%» 



16.- 



2z-a6 



X I « 




7x + 


5y 


18. 


m 4 


-n' 
+ n 




19. 


3* 


- 2x» + 

7? - X 


7? 

• 


20. 


x* 

X* 


+ *•' 




21. 


X* 
X* 






22. 


a* 


- 2zy 4 
x-y 


• 



SECTION XXX. 
FACTORING.— MONOMIAL FACTORS. 

80. The Factors of a quantity are such quantities as, when 
multiplied together, will give that quantity. Thus, the factors 
of 6 are 2 and 3 ; of xy are x and y ; of cfb are a, a, and 6. 

Any divisor of a quantity is a faotor of it. 

Factoring is the process of finding the factors of any 
quantity. 

9 a 
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A Prime Quantity is one which has no factors. 

Note. — A monomial, it will be remembered, is a quantity having no 
parts connected by signs, + or — . 

A polynomial is an expression having two or more parts connected by 
signs, + or — . 

MENTAL EXERCISES IN FACTORING. 

Give the prime factors of the following numbers : 

I. 4. 2. 6. 8. 21. 4. 8. 5. 12. 

Give the letters which have been multiplied together to pro- 
duce the following monomials : 

6. abc. 7. aft. 8. <*. 9. cV. 10. x*y. 

Give the prime factors of the following monomials : 

II. &a?x. 12. 8x2/*. 13. 15 mV. 14. 12 d\ 15. 18^. 

What letter will divide both terms of the following expres- 
sions ? 

1. a? + ax. 3. 2xy + y*. 5. m*n + n. 

2. x 2 + 2xy. 4. oh + ac. 6. x - a?. 

What monomial will divide all the terms in each of the 
following expressions? 

7. Sxy> + 3^. 9. 6rf + 13aV 11. x*y - «y. 

8. 5m s w - mn 4 . 10. o?x - ace*. 12. 36*- 6aV. 

What is the greatest monomial that will divide all the terms 
of each of the following expressions ? and what is the result of 
the division ? 

13. ax + ay + az. 15. 2xy + 2y*. 

14. <tb % -a*V. 16. 4 a 1 + 4. 

In each of the following expressions find first the monomial 
divisor or factor, and then by division, as before, find the other 
factor : 
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MSNTAI* AND WBITTHN HXBBOfBBB. 

1. a* + ay. 9. <jf + 2a*6 - a6". 

2. 2a + 2x. 10. 3aty - 3a^ + y\ 

3. 3cd + 3d\ 11. 6o6- 12<a? + 9ay. 

4. 4x* - Sxy. 12. aW + 6tfxy. 

5. ate - aft*. 13. 8*y*z - 14ayV. 

6. a's - 3aa* 14 12 AP - 4c , cP. 

7. cd + ear + cy. 15. 50aafy + 70axif. 

8. 2a 1 + 2a6 + 2aa. 16. 12mV + 24mV - 60mVx. 



SECTION XXXI. 
FACTORING.— POLYNOMIAL FACTORS. 

81. If we have to factor a large number, such as 615 or 
832, we begin by dividing by some number that we see will 
go into it ; that is, by 5 in the first case, and by 2 in the 
second. But if we have to factor a number like 9 or 15 or 35, 
we do not look for divisors, but think at once that 3x3-9, 
3 x 5 =* 15, and 5 x 7 - 35. The two factors are evident at 
the same time as soon as we see the number. 

There are certain kinds of algebraic expressions which we 
must learn to factor in the same way. 

82. We know by Theorem L that (a + b) (a + b) equals 
a* + 2 ab + 6*. Hence, the factors of a 2 + 2 db + 6* are a + 6 
and a + 6. 

Also, from Theorem II. we know that a? - 2 xy + y* is the 
square of x - y, and therefore that its factors are x — y and 
x -y. 

An expression like a* + 2ah + &*, or s* - 2xy + y", which 
is the square of another expression, is called a perfect square. 
In both these perfect squares, 

L There care three terms. 
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II. The first and last terms are each squares, with the sign +. 

III. And if twice the square root of the first term be divided 
into tlie second term, and the quotient squared, the result will be 
the third term. 

If the sign of the middle term be +, the expression is to be 
factored by Theorem I. ; if - , by Theorem II. 

Ex. Is 7? + 4x + 4 a perfect square? 

Solution, We see, first, thai it has three terms ; next, that 
its first and last terms are both squares, and have the sign +; 
and lastly, that twice the square root of its first term divided 
into the second gives 2, the square of which is 4, which is the 
third term. 

The quantity therefore is a perfect square, and its factors 
are z + 2 and x + 2. 

Ex. Is 4s* - Gxy + 9y* a perfect square? 

Solution. We see, first, that it has three terms ; next, that 

its first and last are squares and have + signs ; lastly, we see 

that twice the square root of its first term divided into the 

— 3i/ 
middle term gives -, the square of which is not equal to 

J* 
the third term. Hence, it is not a perfect square. 

Tell which of the following are perfect squares, and give 
the factors of those which are : 

MENTAL EXERCISE. 

1. <?-2cd + cP. * 7. 4^ + 12a*/ + 9^. 

2. c* + 2c + r. 8. 25 + 10z + x\ 

3. 4eP - 4dy + 2A 9 - 25 - 20x + 16x *- 

4. m* + 2mn + n\ 10. «* - 4x 2 y + 43/*. 

5. a* + ab + b\ 11. a 4 - 2a 8 + a\ 

6. a 1 + 2ab - V. 12. of + 22c 5 + x 4 . 
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13. 4 + 4xy + «y. 15. 4o* - 2ax + a". 

14. le^-Sa^ + y*. 16. 9a»-12a , + 4a. 

83. According to Theorem III., the product of a + x and 
a - Z is a a — x\ Hence, the factors of a* — a? are o + i and 
a — x. Any Binomial which is the difference of two squares 
can be factored according to Theorem III. 

MENTAL 



1. What quantities multiplied together will give & — d*? 

2. What quantities multiplied together will give o* — 6*? 

3. What quantities multiplied together will give m* - 1 ? 

4. What quantities multiplied together will give a 4 - &*? 

5. What quantities multiplied together will give x* - \ft 

What are the factors of the following ? 

6. <£V - &. 11. 25 - a 4 . 

7. m* - nV. 12. a 6 - b\ 

8. 1 -X s . 13. a* -496*. 

9. 9s 8 -42/*. 14. zy-z 8 . 

10. 16 aW - x\ 15. 4aW - 25 x 4 . 

Tell which of the following trinomials are- perfect squares, 
and factor those which are. Tell which of the binomials are 
the differences of two squares, and factor those which are. 

MENTAL EXERCISE. 

1. b t + 2bz + a>. 7. i?-tf. 

2. a*b* + 2abc + c*. 8. 4m* - 4mn - n\ 

3. 4x*- 4xy + y*. 9. - 9 a? - 24 xy + 16 1/*. 

4. 9x*-16y 4 . 10. aV-9^. 

5. x* - jf. 11. x 4 - 2f. 

6. 64 - 16xy + iA 12. 8x 2 - 16t/'. 
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SECTION XXXII, 

FACTORING.— ADDITIONAL THEOREMS. 

Remark. — Quantities with exponents, as a" or x* % are called powers, 
a* is the third power of a, and z* is the sixth power of x. 

84. It is sometimes necessary to factor expressions like 
a 5 - sb 5 , and a 5 + z*. 

If we divide a* - x 5 , or a 8 - x 8 , by a - x, we find it divides 
exactly in each case. It will be the same with any other 
powers of a and x, if they are alike and are connected by the 
sign -. 

If we divide of + x* or a T + x T , or the atm of any like odd 
powers of a and x, by a + x, it will be contained exactly. 

These principles may be expressed thus : 

Theorem IV. — The difference of itoo quantities is an exact 
divisor of the difference of any like powers of those quantities. 

Theorem V. — Tfie sum of two quantities is an exact divisor 
of the sum of any like odd powers of those quantities. 

These theorems give us only one of the factors. The other 
must be found by actual division. 

Expressions like a* + x" and a 4 + x\ which are the sums of 
second and fourth powers, have no divisors. 

Factor the following by finding one factor by Theorem IV. 
or Theorem V., and the other by division : 

WBITTJJN EXAMPLES. 

1. a 8 + b\ 6. 7? + y 8 . 

2. a 8 - b\ 7. <?<P - x 8 . 

3. x 5 + j/*. 8. 1 + x 8 . 

4. x 7 - y\ 9. a 5 - 1. 

5. a** + A 10. 1 - b\ 
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SECTION XXXIII. 
GENERAL METHOD OF FACTORING. 

It will be noticed that two methods have been followed in 
the different examples already factored. In such expressions 
as a* — 2 ax and 4 y + 4 x, or a 8 - x 8 and a 5 + x 6 , we looked 
first for a divisor, which would be one factor, and then found 
the other factor by division. But in expressions like a 2 + 2ab 
+ b 2 and x 2 — 4, we tried to find, at once, what two quanti- 
ties would give them as their product. The student must bear 
in mind both methods, and use whichever the particular case 
seems to require. 

Only two factors of any expression have been found. Ex- 
pressions may have more than two factors. These are gen- 
erally found by separating the quantity into two factors first, 
and then one or both of these into two others, and so on till 
none of them will factor. 

Ex. Factor a 8 - 2a 2 x + ax 2 . 

Solution. We look first for a monomial factor, and find a ; 
we divide by a and obtain the other factor, a 2 - 2 ax + x 2 . 
This last factor can be separated, according to Theorem II., 
into a - x and a - x. Hence, the three factors are a, a — x, 
and a - x. 

The work would be done thus : 

a* - 2 a 2 x + ax* - a (a 2 - 2 ax + x*), 

= a (a - x) (a - x). 
Ex. Factor a 6 - x 6 . 

Solution. This is the difference of two squares ; it will 
therefore factor, according to Theorem III., into a 8 + x* and 
a* - X s . a 8 -*■ x 8 , according to Theorem V., can be divided by 
a + x. The other factor, found by division, is a 2 - ax + x 2 . This 



1 
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cannot be factored, a* - X s , according to Theorem IV., can 
be divided by a - x. The other factor, found by division, is 
a 1 + ax + x*. This cannot be factored. Therefore the factors 
are a + x, a 1 - ax + x 2 , a - as, and a 1 + ax + X*. 

The work would be performed thus : 

a 6 - 7f - (a 8 + x 8 ) (a 8 - x 8 ), 

= (a + x) (a* - ax + x*) (a - x) (a* + ax + a 1 ). 

Ex. Factor Sa 9 - 3o6 8 . 

OPERATION. 

Sa'-Sfl^-SaCa 8 - 6 8 ) 

= 3a(a 4 + 6 4 )(a 4 -6 4 ) 

- 3a (a 4 + b*) (a* + &*) (a* - 6») 

- 3a (a 4 + 6 4 ) (a* + 6*) (a + 6) (a - b) 

85. From the preceding explanations we derive, for factor- 
ing polynomials, the following general 

Utile. — I. Examine the quantity for a monomial factor, and 
if there is one, find by division the polynomial factor. 

II. Examine the polynomial to find — 

1. Whether it is a perfect square — to be factored by Theorem 
I. or II. 

2. Whether it is the difference of two squares— to be factored 
by Theorem III. 

3. Whether it is the difference of the like powers of two quan- 
tities — to be factored by Theorem IV. 

4. Whether it is the sum of the like odd powers of two quan- 
tities — to be factored by Theorem V. 

III. Find whether any of the resulting polynomial factors can 
be further factored, and continue the operation till all the poly- 
nomial factors are prime quantities. 
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Factor the following : 

WRITTEN EXAMPLES. 

1. a* - aft*. 11. s» + jf. 

2. 2s 5 - 4aty + 2xy*. 12. of - jf. 

3. 3a 8 + 6a* + 3a. 13. 4ax T -4aajA 

4. oaty - asy*. 14. 18a* + 24a*6 + 20**. 

5. 5<?<Px + lOcW + 5cV. 15. 40a 4 - 5a. 

6. a? -4. 16. 7a l0 -7aV. 

7. 3s 4 - 3. 17. aWxy - ofay. 

8. 8x*-8x + 2. 18. 8c 1 + 6<* + 3<*. 

9. x 4 - 4x*. 19. 4a* + 4a'6 + 4a6 f . 
10. 5s 6 - 20s 4 . 20. 24 - 6x\ 



^_ 



SECTION XXXIV. 

REVIEW. 

MENTAL EXERCISE. 

1. Multiply - 3 ax by - 2? Why is the sign of the 
product +? (Art. 40.) 

2. Multiply x 2 by X s . Why are the exponents added? 

(Art. 42.) 

3: What are the values of 10 - (4 + 1) and 10 - 4 + 1 ? 

4. What difference does the parenthesis make ? 

5. What are the values of (6 + 4) -*- 2 and 6 + 4 + 2? 

Give the values of each of the following expressions : 
6.5-3x2 + 1. 10. 6 - 5 - 8 + 10. 

7. (5 - 3) x 2 + 1. 11. (6 - 5) - (3 + 10). 

8. (5 - 3) (2 + 1). 12. (6 - 5) - 3 + 10. 

9. (5 - 3) (3 + 1). 13. 6 - (5 - 3) + 10. 

105 
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14. What operation is indicated in Ex. 8? 

15. Remove the parenthesis from 4 - (2 - x). Why are 
the signs of 2 - % changed? (Art 46.) 

16. If.4x-3y = 12, 

and y- 4, how may the valne of as be found ? 

17. If3x + y-17, 

2x - By - 4, how can we eliminate x? (Art. 59.) 

18. From the same equations how can we eliminate y ? 

19. Divide x* by x 4 . Why are the exponents subtracted ? 
(Art. 67.) 

20. Arrange with reference to a the quantities a* + ft* + 2 aft 
anda 8 + ft 8 + 3a*6 + 3aft*. 

21. In performing division of polynomials, what is the first 
operation? 

22. How are the successive terms of the quotient found? 

23. Why does the quotient thus found show how many times 
the dividend contains the divisor? (Art 71.) 

24. (x + y) (x + y) is the square of the sum of what two 
quantities? 

25. Why is it the square of theirsum? Howelse may it be 
expressed ? 

26. (c + d) (c - d) is the product of the sum and difference 
of what two quantities? 

27. What are the factors of a quantity ? 

28. If a quantity has two factors, and one of them is known, 
how can the other be found ? 

29. Give one factor each of x* - f and x 5 + $A 

30. Has x* + y A any factor ? 

31. Quantities which are perfect squares are factored by the 
aid of what theorems? 

32. How can we tell whether a quantity is a perfect square? 



PART II. 

LEAST COMMON MULTIPLE.-FRACTIONS.HSIMPLE 

EQUATIONS. 



SECTION XXXV. 
LEAST COMMON MULTIPLE OF MONOMIALS. 

86. A Multiple of a quantity is any number of times of 
that quantity. Hence, it is also any quantity that the first 
will exactly divide. 

A Common Multiple of two or more quantities is any 
quantity that each will exactly divide. 

87. The Least Common Multiple of two or more num- 
bers is the least number that each will exactly divide. 

The Least Common Multiple of two or more algebraic 
quantities is that multiple of the quantities which contains 
the least number of factors. 

Thus, aV is the least common multiple of a*x and aa*. 

Note. — In Arithmetic the least common multiple is the least or 
smallest divisible number, but in Algebra we do not know that it is 
always the least quantity, since we do not know the values of the letters. 
But it is least as regards its coefficients and exponents, or number of 
factors. 

88. What is the quantity of fewest letters that ax and xfy 
will each exactly divide? 

Solution, For a quantity to be divided exactly by ax it 
must contain the letters a and x. For the quantity to be di- 

107 
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vided exactly by x*y it must contain 2 x's, or x 2 , and y. Hence, 
to be divided exactly by both ax and i?y the quantity must 
contain a, x 2 , and 3/. From this we derive the following 

Mule. — The least common multiple of two or more monomials 
composed of letters, consists of all Hie letters in those quantities, 
each with an exponent equal to the highest exponent of that letter 
in any quantity. 

Illustration. The least common multiple 

of c*<Px and oafy is o&tPofy; 

of ab&m 2 , a*c*m 9 and b 2 cm is a*b 2 c*m\ 

Give the least common multiple of each of the following 
sets of monomials. 

MENTAL EXERCISE. 

1. a 2 , ab, and b 2 . 6. a, xty, and mVu 

2. xy, x 2 y, and yz. 7. b*y, a 2 xy*, and a 2 y*. 

3. ab 2 , bx*, and xy. 8. rnhnf, ayh 2 , and any. 

4. m 8 x, n V, and y 8 . 9. a 2 d, ad?, cPx, and tftf. 

5. oc 2 , a 2 d, and d 1 x\ 10. n/ 2 , a 2 , and xz*. 

89. If the monomials have coefficients, the least common 
multiple of these must be found as in Arithmetic/ This can 
often be done mentally. 

Give the least common multiple of each of the following 
sets of monomials. 

MENTAL EXERCISE. 

1. 4, 3, and 2. 7. 14 a, 7 ax, and 2 afy. 

2. 6, 2, and 3. 8. 10 a?, 4x 2 , and 5 as*. 

3. 5, 10, and 3. 9: 9 xy, 6 ax 2 , and 2 xy». 

4. 12, 3, and 4. 10. 3 ay, a\ and 2 ax 2 . 

5. 3, 4, and 6. 11. 4 xy*, 2 x 2 , and 3 aty*. 

6. 8, 3, and 2. 12. 12 ay 1 , 6afy and 2 a 4 . 
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SECTION XXXVL 

LEAST COMMON MULTIPLE OF POLY- 
NOMIALS. 

90. Where the factors are not all letters or numbers, as in 
a (a + x) and (a - x) (a + x), the same principles apply as in 
the preceding examples. 

KtUe* — Take each factor the greatest number of times that it 
ocean in any quantity. 

Illustration. The least common multiple of 

a(a + x) and (a — x) (a + x) is a (a - x) (a + x), 

and of 

x 2 (a: - y)* and ax (x - y) (x + y) is aa?(x - y)*(x + y). 

Give the factored form of the least common multiple of 
each of the following sets of factored expressions : 

MENTAL EXERCISE. 

1. a(a + x) and b (a + x). 

2. a (x - y) and ax (x + y). 

3. 4(a - 6) and (a - b) (a + 6). 

4. a (a - x)* and x (a - x)\ 

5. 3(x + 4) and (x + 4) (x - 5). 

6. 2(x + 6) and 4(x + 6)f. 

7. 5 (a - y) (a + y) and 2 (a + y) f . 

8. 6 (x + yy and 3 a (x - y) (x + y). 

9. x (x + 1), x (x + 1) (x + 2), and x (x + 2). 

10. (a + 6) (a + c), (a + c) (c + 6), and (a + 6) (c + 6). 

91. If the quantities are not in the factored form, as 
a* - x* and a* + 2 ax + x 8 , they must be resolved into their 
factors, and the operation completed as before. The factors 

10 
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of the least common multiple must usually be actually multi- 
plied together. 

Utile* — Resolve the -quantities into their prime factors, and 
take each factor the greatest number of times that it occurs in 
any quantity. 

Ex. What is the least common multiple of a 2 - x 2 and 
a 2 + 20X + X 2 ? 

Solution. Factoring, we have a 2 - x 2 = (a + x) (a - %), 

and a 2 + 2 ax + x 2 - (a + x) 2 . 

Taking a - x once and a + x twice, we have for the least 
common multiple, 

(a - x) (a + x) 2 = a* + a 2 x - ax 4 - s*. 

93. If the quantities have no common factor, as, a and bx 
or (x + i/) (x - y) and a (a + 6), the least common multiple 
will be the product of all the quantities. Thus, the least 
common multiple of x + y and x - y is x 2 - y 2 . 

Find the least common multiple of each of the following 
sets of quantities 

WBITTEN EXAMPLES. 

1. 3a + 3x, 6 a — 6 x, and a 2 - x 2 . 

2. 23/*, x 2 - i/*, 4x 2 - 4xy, and 2x + 2y. 

3. x 8 - y*, x + y, x - y, and x 8 - y\ 

4. c*d, c 2 - cd?, and ex - ax. 

5. a + 6, (a + 6)*, a* - 6*, and (a - 6)*. 

6. a 2 + 2 ax + x*, a 2 — 2 ax + x 2 , and a* - a?. 

7. 56 2 c, 106 2 - 5ty, 26 - y, and 46 2 - tf. 

8. 4a 2 6, 4a 2 - 2 aft, and 2a - 6. 

9. 6X2/ 8 , 9xy, 3a 2 - 36 2 , a - 6, and a 2 + 2o6 + b\ 

10. 8c 2 , 4d*, 2c 8 , 4c 2 d + 2c<F, and <: + d. 

11. x + y, x - y, x 2 + y 2 . 

12. mn, ax + ay, and xy. 
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1. a + 6 and a — 6. 

2. E - y, x + I/, and x* - rf. 

3. a*, a + 6, and a* + 2 aft + b\ 

4. 3 z, x — y, and a? — 2xy + y\ 

5. c + d and c* — eP. 

6. a, a - 6, and a* - 6*. 

7. a + y, x - y, and a? + i/*. 

8. a - 6, a + b, a' - 6 2 , and a* + 6*. 

9. 4 x, 8 ay, a* — 6', and a + 6. 



SECTION XXXVII. 

FRACTIONS.— GENERAL PRINCIPLES AND 

DEFINITIONS. 

93. Principle. An Algebraic Fraction may be regarded 

as a case of indicated division. Thus, - indicates a divided 



by b 9 and is so read. The numerator is the dividend, the 
denominator is the divisor, and the value of the fraction 

is the quotient. Thus, - indicates 6 divided by 2, and the 

quotient 3 is the value of the fraction. This is also shown as 

follows : 

Numerator or dividend, Sab 

__ . A ,. . -ttt = 4 a, value or quotient. 

Denominator or divisor, 2 

An Entire Quantity is one that has no fractional parts, 
as ax 1 and x + y. 

A Mixed Quantity is one that has both entire and frac- 
tional parts. 
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Reduction of Fractions is the process of changing the 
form of fractions without changing their value. 

The rules for working algebraic fractions are similar to 
those for arithmetical ones. If the student is not perfectly 
familiar with these let him look over that part of his Arith- 
metic. 



SECTION XXXVIII. 

REDUCTION OF FRACTIONS TO THEIR 

LOWEST TERMS. 

94. A fraction is said to be reduced to its lowest terms 
when its numerator and denominator contain the least possible 
number of factors. 

Principle. — = -, because to divide both dividend and 
be b 

divisor by the same quantity does not change the quotient 

Therefore, to divide both numerator and denominator of a 

fraction by the same quantity, as c, does not change its value. 

Ex. Reduce - — - to its lowest terms. 
oayz 

Solution. We observe that both numerator and denomi- 
nator of this fraction can be divided by 3, a, and y. 

Dividing numerator and denominator by 3 ay, we find 

6axy _ 2% 
Sayz z 

As these cannot be divided by any other quantity, the frac- 
tion is in its lowest terms. 

The work is most easily performed by observing what factors 
occur in both numerator and denominator, and cancelling 
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them. The remaining factors make the numerator and de- 
nominator of the fraction. 

Reduce the following fractions to the lowest terms : 

MBNTAL EXERCI8B. 

1 Sacm dbcnz 
l. — . o. — . 

locmn lacy 

2 3 rosy 7 x(a + V) 

' 4 amz " (a + 6) (a - b) ' 

o 76 s(q + y)(a-aQ 

o. • o. ~—~ ~~~ ~~~ — — — # 

21 oggc ary (a - y) (a - x) 

4 4mns 2 (3a? + 2) (5a;- 1) 
Saxy ' " 4(5z- 1)(4e- 3)* 

5 12 cdx 4ax(2a- 6) (2a + 6) 
■" 6bcxy' ' 4a#(2a + i)(2a- 6) " 

95. Reduce —- — — to its lowest terms. 

&ab*y 

Solution. We observe here that 4 oft* will divide both 
numerator and denominator. Dividing them by it, we find 

12oWr ^ Sax 
Sab'y " 2by' 

The same result would have been attained more easily by 
cancelling out the common factors as before. . This is really 
the same as dividing by one common factor at a time, instead 
of by the product of all together. 

The work may be written thus : 

3a 
1% fifx = Sax 

t#Fy ~2by' 
2 b 

10* H 
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Here we divide 4 into 12 and 8, obtaining 3 and 2 ; we divide 
a into a* and a, obtaining a and 1 ; and we divide b* into b* and 
b* 9 obtaining 1 and b. The l's are not expressed, except where 
there are no other factors to go with it, as 

2ax 2x * 

Mule. — Cancel the numerical factors as in Arithmetic, and 
then cancel out the letters as far as can be done. 

Reduce the following to their lowest terms : 

MENTAL EXERCISE. 

- 10 (ft? 6 14 6VmnV 

' 15ccP" ' V&Vcdhff* 

6q'ft 7 lidfbtdmfa 

8o6 5 * " 18 aWcfaY * 

o 3 mil's £ 46Vmafy 

6mW # " 9&Vwfy' 

. 7 a*bc*xtf 9 15 ro s nafe 

" 4a 6 fcVy" ' 25mfy 

* 30 oV* , ^ ..g.iW. 

' iOaW 12 6Vc&»' 



96. Reduce -* — - to its lowest terms. 

Solution. We observe that a will divide both terms of the 
fraction. 

o* - x* 
Dividing, we obtain : " . • — '—>? *, 

a 2 + 2 ax + x* 

We will find next that a '+ x will divide both terms. 

a - % 



Dividing, we have 



a + x 
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The work is most easily performed by factoring both terms 
and cancelling out common factors. Thus, 

cf — as* . a (a* — s 1 ) o(o + g)(o — x) a — x 

ct + 2d?z + aa? a(a f + 2 ax + x*) a(a + »)(a + x) « + x" 

.Rufe. — 7. Divide the numerator and denominator by tuck 
quantities as vo&L divide both. Or, 

II. Sep a r a t e the numerator and denominator into their fac- 
tors, and taneel those common to both. 

Illustration, 



x*y-m? *y&-tf) «y(«-y)(« + y) * + » 
Reduce the following to their lowest terms : 



WRITTEN EXAMPLES. 

i *-# R e? -itfb + ab* 

*-»>• * rt-JP ' 



^ + 2^^^ 30a6 , + 25aW , + 10a , &x* - 

« a6 , 10 12 adtfz* - 28 qgffi? 

c?+ab* * 32 aV* + 8 altyV 

. as - gjL t1 v-y 

aar - ay* z* - 2xy + y* 

4x+4y 1 ^ s^y 1 

bx-rby if + tf 

6 . l^zll. 18 . of-qy , 

7 g'-H2gy-Hy > 4a s - 4aa^ 

X s - 3f ' 6a 8 - ^a'x + eax 1 ' 
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MENTAL EXEBOISB. 

- a* + ab + ac 

7. . 

ax+ ay + az 

2x-2y 

S -x*-2xy+y>' 

9.*-*. 

" c* - cd' 

ar + 2xy + j/ 2 
am + bm 



1 


a 


X. 


• 




ax + ay 


2. 


mn 


m* - mn 2 " 


3. 


c - d 


^-d 2 ' 


A 


a 2 -ft 2 


t* 


a*-2a6 + 6* 


5. 


a 2 + 2 ax + x 2 


a 2 - a; 8 * 


a 


3m + 3n 



11. 



12. 



ax + foc 
a 2 + a 



8m + 8n aa + ay 



SECTION XXXIX. 

REDUCTION OF FRACTIONS TO WHOLE OR 

MIXED QUANTITIES. 

97. Principle. — - c and c + -, because the 

a a a 

value of a fraction is the quotient resulting from the indicated 

division, and will be equal to the actual quotient, if such can 

be obtained. 

Mule. — Divide the denominator into the numerator. 

Note. — If the denominator be a monomial, divide \\ into each term 
of the numerator which it will divide exactly, and write it under the 
others. Reduce the fractional parts to their lowest terms. 

-r- •■-» i a* + ax + ay 

Ex. Reduce to an entire quantity. 

a 

OPERATION. 

a* + ax + ay 

*• = a + x + y. 

a a 
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Ta1 _ c' + aJ + J , d (P 

In the same way r 1 + - + — -, 

c c c 

and a y , + a *y. + * -°M + a + y. 

-xy x 

Note. — If the denominator be a polynomial, perfor m the indicated 
division as in Long Division. 

flr — or 
Ex. Reduce . 

a + x 

OPERATION. 

a*+a*x a + x 

— a*x — x 9 

— a*a? — ax 1 



ax* — x* 

ax* + x* 

-2x* 

Reduce the following fractions to whole or mixed quan- 
tities: 

MENTAL EXERCISE. 

1 Z* + xy „ X* + X* + X 

X X* 

a* + ab + b* „ 5 a*y + 7 ay* + ay* 

a ay 

4c* + 6c* d + 8c<P Q afy + iry' + y" 

t>. — — . o. . 

2«? y* 

. xy + y* 9a'cd + 18aVd + 12ac<P 
4. - • y. — . 

y* 3acd 

c <? - cd - A a* + a6 + c* 
o. — - — . 10. . 

c* a* 
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WRITTEN PROBLEMS. 



1. 


a? + 4x t y + 3xy' 


x + y 


2. 


3a'b- Zab* 


<?-&' ' 


3. 


6c , -8d" 


3c-2d* 


4 


• 




x-J/ 


5. 


• 



a + ft 



• 


6. = s -. 

* + y 




7 «*-<*• 
' c* .- cd + <P' 






<f-7c?b + 5cW 




«' - 86' 




a^ + ay-y' 
x + y 




Mi *. " * + *. 



SECTION XL. 

REDUCTION OF ENTIRE AND MIXED 
QUANTITIES TO FRACTIONS. 

98. Principles. These operations are exactly the reverse 
of those in the last Section. 

REDUCTION OF ENTIRE QUANTITIES TO FRACTIONS 
HAVING GIVEN DENOMINATORS. 

Rule. — To find (he numerator, multiply ike entire, quantity 
by the given denominator. 

» A 4ab , - lOaaft/ 

Illustration. 4a +■ ^— and bax - n % 

MENTAL EXERCISE. 

1. Reduce 5 x* to & fraction whose denominator is xy. 

2. Reduce a + ft to a fraction whose denominator is 2 aft. 

3. Reduce 4 afy to a fraction whose denominator is x - y. 
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4. Reduce x — y to a fraction whose denominator is x + y. 

5. Reduce a + b to a fraction whose denominator is a + &. 

6. Reduce m' + 2m» + n 2 to a fraction whose denominator 
is Aran, 

REDUCTION OF MIXED QUANTITIES TO FRACTIONS 

99. Kvle. — Multiply the entire quantity by the denominator, 
and add or subtract (he numerator, according as the sign before 
the fraction is + tir - . Write the result over the denomi- 
nator. 

ILLUSTRATION. 

s 2 a' + a? , . c 2 a* - 6 2 - & 
a + _« f. anda + o — — r— = — . 

a a a — b a — b 

Reduce the following mixed quantities to fractions : 

MENTAL EXERCISE. 

± ah ^ x 2 + w 2 

x a 

2. m» + — 7. x + — -. 

m 4 

& <* + & + -. 8. 2y*-^f, 



<t 



a* 



9? 



4. a — ^- . 9. a + 

a a + o 

5. 6 - c - £. 10. 1 + — . 

x a? 



je 2 + i/ 2 
100, Reduce 2x + y -f- to a fraction. 

x — 3 y 
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Fibst Solution. 

Multiplying 2x + y 

by x - 3y 

2a* + ay 

-6a3/-3y* 



we have 2x*- 5ay - 3^ 
Subtracting the numerator, _3? + y* 

we have a? - 5ay - 4y* 

Therefore, 2s + y - ^±ig . ** - S«y " W , 

» - 3y a; - 3y 

In this solution the operations called for in the rule are di- 
rectly performed. 

Second Solution. 

x — Sy x — Sy 

2a? - 5xy - 3y* - a? - y 2 _ o? - bxy - 4y* 

a; - 3y . x - 3y 

In the second solution, after multiplying the entire quantity 
by the denominator, we subtract the numerator by adding U 
with all its signs changed. This second method is generally the 
better one to use when the denominator is small, or when the 
multiplication can be performed mentally. 

T , c* + a? a* + ab- c 1 - <P , 
Illustration, a + ft , and 

a a 

a - b m a - n* - a + ft 

m - n = ; . 

m + n m + n 

Reduce the following mixed quantities to fractions : 

WRITTEN EXAMPLES. 

1. a + ft + . 3. a + ft — . 

a a + ft 

By*- 2xy A . , 5c* -3eP 

2. 2a; + y - -. 4. 3c - Ad + . 

x 3c 
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K o ' o 4a* + s* _ , a 1 -6' 

5. 2x - Sy - — . 7. a - ft — . 

2a + « a + ft 

, c+*d - , M a? -2 ft* 

6. a + ft - . 8. a* - aft + ft* — . 

» + y a — 6 

MENTAL BXBBCISB. 

1. m - n + . 6. 2a + 46 . 

m + n o 

* , a* - - x 

2. a + 6 -. 7. 1 - 



a - ft s + y 

a; — y a.— o 

. , a* + ft* - n 

4. a + 6 -. 9. 1 + 



a + 6 m — n 

5.c + 2d + . 10. — r-^ + 1. 

5 y 



SECTION XLI. 

REDUCTION OF FRACTIONS TO EQUIVALENT 
ONES HAVING THE LEAST COMMON DE- 
NOMINATOR. 

101. Principle. - - — , because multiplying both divi- 

ft be 

dend and divisor by the same quantity does not change the 
quotient, and therefore multiplying numerator and denomi- 
nator of a fraction by the same quantity does not change the 
value of the fraction. 

aft % 

Ex. Reduce -, -, and — to equivalent fractions having the 

least common denominator, 
li 



122 ELEMENTAEY ALGEBRA, 

Solution. In order to make the denominators of the frac- 
tions the same, we must find the proper multipliers for eaeh 
fraction. This may be done by finding the least common mul- 
tiple of the denominators, and then dividing each denominator 
into it. This will give the multiplier for each fraction. 

The least common multiple of the denominators is Vd. 
Dividing this by the first denominator gives bd for the first 
multiplier ; dividing by the second denominator gives V for 
the second ; and dividing by the third gives d for the other 
multiplier. Now, multiplying by these, we have 

a*bd abd b*V J?_ x^ x d dx_ 

6 x fed " Vd'dxb*~ Vd 9 m V *d~Vd' 

These fractions are equal to the first ones, and have a com- 
mon denominator, Vd, which is the least, and is the same as 
the least common multiple before found. 

Rule. — Find the lead common multiple of the denominators; 
this will be the least common denominator. Divide the denomi- 
nator of eaeh fraction into this, and multiply the result by the 
numerator ; this will give the new numerator of each fraction. 

a c 1 

Ex. Reduce — , —, and — to equivalent fractions having 
ir pc €$ 

the least common denominator. 

Solution. We observe that Vex is the least common mul- 
tiple of the denominators. It is therefore the least common 
denominator. We write the work thus: 

a c 1 



> T 19 ... 9 \ T* ""J 



V ' Vex be Vex ex Vex 

and then proceed to find the new numerators. 

We divide the first denominator, 6*, into the common de- 
nominator, Vex. It is contained ex times. We multiply this 
by the old numerator, a, and have acx for the new numerator. 
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In the same way we find tie other numerator* to be fax and 
V; therefore, 

a_ acr j_ bcx_ 1_ jp 

6* Vex 9 be Vex* ex Vex 

X 1/ & 

Ex. Reduce — - — , -*— f and —■ to equivalent frao- 

tions haying the least common denominator. 

Solution. We observe that the least common multiple of 
the denominators is x* — y*. 

We write the work thus : 



x - y £-tf x + y a? - y* a? - y* a? - y* 

Dividing each old denominator info the common denomi- 
nator, and multiplying the result by the old numerator to get 
the new numerators, &e result is 

r 9 

x a? +xy y xy — V* £* £* 

&-y &-1?' i+y #-tf* 3?-y* ^-Y* 

If the least common multiple of the denominators cannot 
be easily determined by inspection, find H as directed in 
Art. 91. 

Reduce each of the following sets of fractions to equivalent 
ones having the least common denominator 



WRITTEN EXAMPLES. 

1. ~. -t and — . 
Z f x ? 

2. , and 



b ± <?* & - e 
3. , — — -, and 



c + d c - d 1? — <P . 



124 ELEMENTARY ALGEBRA. 

A m am x , y 

4. — , — -, , and — * — . 

n w m+n m - n 

- a 6 c , a 
**• r> x> «> and — . 
3 6 8 10 

n a V , a*6 

o. , . and 



6(0-5)' (a-6) 1 ' (a-6) 8 ' 

- c a b , a* 

7. — . — , • and — 



5' 7' a + ft' a a + 2a6 + P 

8 . ?, JL f ^ _*_ 



9. 



x f + xy x* - y* 

a* aft 



a*-2a6 + P ' a? + 2a& + P' a 2 - 6*" 



10. — , -- -, and 



ar of - y* x - y 

MENTAL EXERCISE. 

Jf the denominators have no common factor, their product 
will be the least common denominator, and the new numerator 
may be found by multiplying each numerator by all the denmi- 
nators except its own. 

Note. — If any of the quantities are entire, their denominators may 
be regarded as 1. 



1. 


a b t , c 
-, -, and -. 
be a 




c c — d , c* 
o. and 

c + d & - df 


2. 


a b , c 
-, — , and—. 
x ar 77 




7. 4 and -. 


3. 


and -. 

a + b a — b 




8. ' , and 
x* - 2x2/ + y* 


4. 


ex cy , xy 
— , , and * . 
ay* aar a 




A a - x , a + x 

9. and . 

a + x a - x 


5. 


* 1 

^ , and 

vtr— y x + y x 


1 
-2/' 


10. — and . 

y x + y 



2^ 
x - 
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SECTION XLIL 
ADDITION OF FRACTIONS. 

102. Principle. - + - , because the number of 

c c c 

times that a contains c, plus the number of times that b con- 
tains c, must be equal to the number of times that a and b 
together contain c. 

Bute. — Reduce ike fractions to the lead common denomi- 
nator; add ike numerators, and write the cum over the common 
denominator. 

Ex. Collect - + - + —• 
3 e <* 

OPERATION. 

5 h A ^ 3k 3d ac* + 3bc + Sd 
3 + c + c* ~ S<? + 3c* + 3c» " 3c 8 



Ex. Collect ■+ + 



2x 



x + y x - y x* - if 

OPERATION. 

2 3 2x 2x-2y 3«+3y 

x + y x — y x* — y* x* - if x* — y* x* ~ tf 

7x + y . 
Collect the following expressions : 

WBTTTEN EXAMPLES. 

.12 5 x bx 3a; 

11 * J 
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3. 


a 3 c 
2 6 d 


9. 


2 


if a? 
t - -f 


4. 


a b e 

X X* X*' 


10. 


a V e 

_ .f ■- + -. 

x + y x* — y* x 


5. 


a + b a - b « + b 

3 ' 6 ' 12 ' 


11. 


a 


a 8 

-4 e* + 2* 


6. 


« - y a + y 


12. 


a* 


» d 

— + • — + - — -, 

& <?& or 


7. 




It 






8. 


11 X 


14. 


a* 


a' 1 


x + y % % — y l &~ff m 




MENTAL HSMRCI8E. 




1. s * -• 

* y 




8. 


x + y 2 




2 * + £ 




9. 


1 ♦ x . • 

a + * a — * 




3. 1 + 1. 




10. 


1 1 
x + l x-1 




a — 6 o + 6 




11. 


y x 




_ a + c o + c 
2 6 




12. 


a + b c 




a+ b + c a + b + c 




fi * i ° 




13. 


x + y x - y 




"* a - 6 a' - 8»' 




7 .± + A + «. 




14. 


l+X 1 - X 

• • 



ax ay xy x y 
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SECTION XLIII. 
SUBTRACTION OF FRACTIONS. 

103, Principle. *, because die difference 

c c c 

between the number of times that a contains c and the 
number of times that b eontamfl c must be equal to the 
number of times that the difference between a and b con- 
tains d 

Mule* — Reduce the fractions to the least common denomi- 
nator ; subtract the numerator of the subtrahend from thai of 
the minuend, and write the remainder over the least common 
denominator. 

Perform the following indicated subtractions: 

WRITTEN EXAMPLES. 

1 2 3 a S.f y s - y 
1. — ~ — • o. . 

3 5 x y 
^ Sx 3p „ 3 + a 4 + 6 
* 4 " 8 • 7> ~6~ " "Tr- 
et' b 1 ft 2y %z 



3. -7 . 8. 

a x — y x + y 

4 c + d c - d q ^ + f x - y 

K x - y 1 in a* + ab + 6* a - b 

x* + 2xy + if x + y a 2 - ft 8 a + ft 

MENTAL EZEBCISB, 

3 3 

x c 

6.-^--*. 

x + y x 



1. 


1 






_ • 




a 


& 


2. 


cc 


a 


— — 


"" _ • 




y 


b 




1 


i 


3. 








a 


X + V 
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EXAMPLES CONTAINING BOTH ADDITION AND 

SUBTRACTION 

104. Rule. — Seduce the fractions to the least common de- 
nominator, and add or subtract the numerators according as the 
sign of the fraction is + or - . 

Collect the following expressions : 

WRITTEN EXAMPLES. 

-a + 6 a 2 + ft 2 a — ft ,. a + ft a ~ ft a 2 + 6* 

1. 7 + -Z T- 7. - + 



a - ft a 2 - ft 2 a + ft a - b a + ft a 2 -6* 

rt a? a; - -w s + v Q 2a; a; 1 

y* x y 2<e-4 cr + 2 2 

Q ft 2 b + c c* Q a; 4 



c 2 ft - c ft 2 - c 2 x* - 2xy + y* x - y x 

,5 3a; a; ^ a 2 a a 

4. r + : - - . 10. — — + 



a; + 3 x - 4 5 a 2 -l a + 1 a-1 

a; 2a; 2xy _ 1 2 3 - x 

5. + — *-. 11. — + ■- -. 

x — y x + y x* - 2T 2 - a? • 2 + a; 4 — ar 

. 1 12 . 2a-ft a-2ft 3aft 

6. + . 12. + + 



a - x a + x x x - a $ + a a?- a 2 



SECTION XLIV. 

ADDITION AND SUBTRACTION OF MIXED 

QUANTITIES. 

105* Where mixed quantities axe to be added or sub- 
tracted — 1st. The entire parts may be added or subtracted sep- 
arately ; or, 2d. The quantities may be reduced to fractions, and 
then added or subtracted according to the preceding rules. 

First Method. 
Ex. Subtract 2 a - x + — - from 4 a - 3 x — - . 
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Solution. Since in subtraction we change the signs of the sub- 
trahend and add it to the minuend, we will here change all the 

signs of 2a - x + — — and annex or add it to 4a - Sx — — . 

.6 b 

Thus, 4 a - 3 x 2 a + x — -, which, when col- 

o b 

lected, gives 2a - 2x . 

b 

Mule. — Conned the quantities by the proper signs, changing 
the signs of the subtrahend if one is to be subtracted, and collect 
the entire parts and the fractions separately, 

WBITTEN EXAMPLES. 

3sc x 

1. Add 2xy + and xy - 



x+y x-y 

Remark. — Writing this oat according to role, we have 

Zx x 

2xy + +xy - 



x + y " x-y 
2. Subtract 4c* + r from 5 c* + 



a + ft a - b 

qH a* 

3. Add 2x + 3y + — to Sz - 2y + -7-. 

3/ b 

4. Subtract a + * — *■ from 2 a - y — *. 

4 o 

Second Method. 

106. Utile. — Reduce the mixed quantities to fractions, and 
add or subtract these according to the preceding rules. 

WRITTEN EXAMPLES. 

1. Addl + ^tol+-. 

x y 

2. Add a + — to a — 7- • 

a 6 
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U Subtract 2x + — from 5 x - -. 

4 T) 

4. Subtract 3 - 5-=-* from 2 + ^-^ 

jc + y ic + y 



SECTION XLV. 

MULTIPLICATION AND DIVISION OF 

FRACTIONS. 

107. Principle I. — x c - — , because multiplying the 

b b 

dividend increases the quotient as many times, and therefore 

multiplying the numerator by c increases the value of the 

fraction, as many times. 

To multiply a fraction by any quantity multiply the numerator 
by that quantity. 

Principle II. - *- d - — , because multiplying the divisor 

o bd 

by any quantity similarly decreases the quotient, and therefore 

multiplying the denominator by d divides the value of the 

fraction by that quantity. 

To divide a fraction by any quantity, multiply the denominator 
by that quantity. 

Principle III. •- x -- — — , because -x- means - multi- 

b d bd b d b 

plied by c and divided by d. 

To multiply one fraction by another , multiply the numerators 
together for a new numerator, and the denominator* together 
for a new denominator. 
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_^ __ T a c a d ad ■, *n c . 

FBiNCiPiffi IV. - + ---X---, because - -*■ - means 

b a o c be b a 

- divided by c and multiplied by d. 
b 

To divide one fraction by another 9 invert the divisor and mul- 
tiply. 

MULTIPLICATION OF FRACTIONS. 
108. Ex. Multiply t^W -. 

Solution. According to Principle EEL We will multiply the 
numerators together and the denominators together. Before 
the work is performed we can see that both numerator and 
denominator will contain b and x, which must be cancelled 
out before the fraction will be in ks lowest terms. It will 
shorten the work to do the cancelling before the multiplica- 
tion is performed. 

The work would then be — *x - - -. 

by x y 

From Principles I. and EEL we have the following general 

Mule. — Multiply the numerators together for the new numerator, 
and (he denominators for the new denominator, first cancelling 
out all factors common 4onny numerator and any denominator. 

Note. — In the following examples in multiplication and division of 
fractions mixed quantities must first be reduced to a fractional -form. 

Perform the following indicated multiplication : 

MENTAL EXERCISE. 

l *x? 3 S. XW * ™E x bSL 

y o by buy adx 

n be a + a* b ^ w? 

2. — x - . 4. — x - 15. — x my. 

d c cr a &y 
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„ bed xdy 
a/xy bd 


10. Vd x * . 
ab % 


13. 


5x 

— x8. 
4 


x 9 z 


11 4aiC K 

11. -— x 5. 

15 


14. 


^x2 
.2 2 


q 12c(P ^ xy 
Vx 3 ctf 


. 12.^x4^. 

WBITTBN EXAMPLES. 


15. 


— x 6 as. 
3x 


1 HL„ x + y 
6' X a + b' 









x a; - y 
2. - x 2- . 

y s* 

a + 6 a - b 

O. r X 



a-b a* + 2a6 + 6* 

- c* a' - b* d 

4. -x x 



d* c a + 6 

- 4-z 2 9 

0. — x 



6 2 + s 

6 x*-2xy + y* x g»-y» x g* 
a; + y a a — y 

ab 
x 



7 3s + 3y 

cd 4 a; + 4 y ' 

o. [a ]x . 

\ a) a + x 

1A a + s a' - X s a+x 

1U. — x -- x . 

ar + ax + x* a* - x 2 a - x 
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-m:^:'Wi:i; 



MENTAL 

x + y ab 6 2 - y 

% a* + 2ab + V x J_ 1Q ax-ay ^ __e_ 
a — b a + 6 a bx — by 

gaaM^ft H.i±^xlO. 

w-6y o 5 

bx— by z + y x 

5. x -. 13. x (2x + 5). 

x c + a 2x + 5 



or c + a c — a a; + 2 " 

7. *-**» + * x -J-. 15. -±-x (*-2)(2* - 1). 

jc + y a; — y 2z — 1 

8. ■ x -±-. 16. —5— x (3 - x) (2 - x). 
b a + b Z-x JK J 

Note: — %x is equivalent to f x x, and equals — . 

Also, %{x + 5) ^ 2a? ^ 10 , and } (4» - 6) = 2x - 3. 



17. ? (2 x - 5). 19. 7 (6cc - 10). 21. ? f^£±l\ . 

4 4 5 \ 6 / 

-IB 2 )- *%¥)■ -Iffl- 

12 
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DIVIXO& OF FRAOTTONS. 

109. From Principles II. and IV. we nave the following 
general 

Mule* — Invert the divisor, and proceed as in multiplication. 

Note*— Whore the dhsisor is an entire quantity its dftnamiaator may 
be regarded as 1. 

Perform the fiifflowmg indicated division : . 



WBTTTBN QXAMPLES. 



b d z* - if x — y 

a + b t H ~ a + h. a*b 

2. *• -. 10. — — - + -.. 

c + ay a — o* a — 6 

n x + y x.+ y *.<. a-2x, a* - 4$* 

3. ^ •+■ *. 11. ^ — — - -* — — -— . 

x — y jc a+2a; a*+4ar 

x 1 + 2xy + y* x+y: (a-l)(aj-4) (a— 4)(s+5) 

5. -*-- «-t-x-L 13. — ? + ■ * ■ - 2L . 

c a \c y) f x 2 

7 . /. _ jl\ j, + jk-V i5. A _ 4U fi _ «y 

\ x + yj \ x-y/ \ tfj \ y/ 

ci + x* a+x .. 5x*-5y* 10a; - lOy 

O. - — -< . ID. + : • 

ar xy a + b a + o 



REDUCTION OF COMPLEX FRACTIONS. 13ft 

REDUCTION OF COMPLEX FRACTIONS. 

110. A complex fraction may be regarded as a case of 
division of fractions and treated in the same way. 

* Mule* — Invert the denominator and multiply it by the 
fWBneratns* 

Seduce the following complex fractions to simple ones : 



% 



X — 



WRITTEN* EXAMPLES. 

a 

a .... a — c 



ll 6. i- 11. 

a 



1 + ? 



1_5 a* - <? 



b a 2c 

3 rtm s-y a?-y* 

2.1. T.JSL.' 12. ■ + » X * 



a s — y ^ + y 

2 ro y 1 

a + 6 , i* 



3 . _£_. 8- JL. 13. JLZ* 

a 1 . ? ab 



a-b ° a*-b 

x 1 1 ^ 6 

ax- 1+- 1- 



4.-1. 9.-2 M. 2i*. 

a + ^ a; 1 + 

4 a; a — b 

a b a * a* + 2 ax + of 

- x - — 1 

c 6c Hrk a — o „ - a* + x* 

o. • 10. — . 15. 



g + y « 6* a* -a?' 



a; y a* - 6* a 8 + a? 
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SECTION XLVI. 
MULTIPLICATION OF MIXED QUANTITIES. 

111. It is often necessary to multiply mixed quantities by 
entire ones, without reducing the former to fractions. 

Ex. Multiply Zx + - + 6 by 2. 

y 

Solution. Multiplying each term separately, we have 

6s + -+12. 

y 

So (5-^x3 = 15--, and (— + 7) x 10 = 12a; + 70. 

•Note. — When the denominator is contained exactly in the multiplier, 
the result will be an entire quantity. To find it, divide the denomi- 
nator into the multiplier, and multiply the result by the numerator. 

Perform the following indicated multiplication : 

mental Exercise. 

A / 3s 5x\ .. Q (2x-l 4tc + 3\ a 
4. ( 2 + — + — I x 14. 8. + — - — ] x 6. 

\ 7 2/ \ 2 3 / 

9 - C-73 + 3 H + 3) - 
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) ( 1 ( 1 \ 

' \x - 1 + x + 2/ 



10. (— !— + -i-) x (a; - l)(x + 2). 



* Note. — If a fraction is preceded by the sign — , and the denomi- 
nator is removed by the multiplication, the numerator must have all its 
signs changed, because it is to be subtracted. But the signs must not 
be changed unless the denominator is removed. 

Thus, (8*--2£±lJx6-18*-4*-2; 

(7 - ***) x 2- 14 - H±l*' 

11.(8,-^*4 13.( 2y -^)xl2. 

12. U x + 5L+M xl0 . 14 AL±« - «ZJ!\ x 4. 

ik (a « + 1 x - 2\ 
15.^4*- — + — )xi 

16. (-±- - — ^- ) x (2s - 1)(2* + 1). 
\2x-l 2x + l/ 

17. (-^ ?- \ x 2x(a; - 3). 

\2a; a; - 3/ 

18. (iLzi_£L±&\ x(o _ 6)(a + 6) . 
\a + 6 a - 0/ 

112. It will be observed that the denominators all cancel 
out when the multiplier is a multiple of them all. 



12* 
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SBCTIQF XLVn. 

REVIEW QUESTIONS. 
MENTAL EXERCISE. 

1. WfiAT is a multiple of a quantity? 

2. Give a multiple of 5 oaf. 

3. What is the least common multiple of two or more 
quantities ? 

4. What is the least common multiple of/9a#, 3a'y, and 
4ay»? 

5. Of a*(« -t je), ac(a — arf; and s*(a- $J.(fl.+ z).l 

6. Of a^', y(x + y)\ and ^(x + y)»? 

7. What is the rule for finding the least common multiple 
of such factored expressions ? 

8. An algebraic fraction being regarded as a cape of indi- 
cated division, what parts correspond to. the. dividend and 
divisor? 

9. What corresponds to the quotient? 

a 2 - V 

10. In the fraction — what is the divisor, what the 

a — b 
dividend, and what is the quotient? 

11. How are fractions reduced to their lowest terms? 

12. How is the least common denominator of two or more 
fractions found ? 

13. Haw are the new numerators found ? 

14. Collect, without reducing, a + - + 8a . 

V V 

A O K Q, 

15. Collect in the same way - + - + . 

a x a x 
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16. CoUect? + ? + ^-^ ( 
2 3 4 ft 



it. Ada- + - 




X 


* 




»_ 


a 




£ 


y 




18. Subtract 


& 

- + 


» 




& 


V 




8 


» 




- + 


— 


» 


2. 


¥ 


%9. Subtract 


ft 

- + 


» 




* 


y 




6 


4 




- + 


— 




X 


z. 



20. Reduce a to a fraction* explaining the effect 

off the- sign - before: the fraction. 

2 v + 4 

21. Multiply 5 s ^- — by 6, explaining the effect of the 

3 

sign — before the fraction. 

22. Why does - + - - — — ? 

2fc Whydoe*-*fc-— f 
J e c 

24, When does a fraction, nmtepKed by an entire quantity, 
give an entire quantity as the product? (Art. 112.) 
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SECTION XLVIII. 
CLEARING EQUATIONS OF FRACTIONS. 

X X 

118. Given 4 + -•+-- 11, to find the value of x. 

2 5 

Solution. We found in Art. 112 that when a mixed quan- 
tity was multiplied by a quantity that was a multiple of all 
the denominators, these were cancelled out, and the product 
contained no fractions. Hence, if we multiply the first mem- 

X X 

ber of the equation, 4 + - + -, by 10, the least common mul- 

L 

tiple of the denominators, the result will be an entire quantity. 
To preserve the equality, the second member, 11, must also be 
multiplied. 

The whole solution would be as follows : 

Clearing of fractions by multiplying each 
term by 10, the equation becomes 40 + 5$-f2a;=» 110. 
Transposing, 5 x + 2 x — 110 - 40. 

Collecting, 7 x - 70. 

Dividing by 7, we find x - 10. 

Proof. Substituting this value in the 
first equation, it becomes 4 + 5 + 2 — 11. 

Collecting, 11 = 11. 

Ex. Given , to find the value of x. 

4 3 8 

Solution. The least common multiple of the denominator 
is 24. 

Clearing of fractions, by multiplying each term by this, and 
taking care to change signs in the second numerator, the equa- 
tion becomes 6x+ 6 — 16 x + 40 — 3 x — 45. 

Which being solved, gives x = 7. 
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Proof. Substituting this value in the first equation, 

89 -_§ 

4 3" 8 * 
Reducing and collecting, — 1 - - 1. 

Mule. — Find the lead common multiple of the denominators, 
and multiply each term of the equation by it 

Caution.— On clearing an equation of fractions be careful to chance 
all the signs in the numerators ot those which are preceded by the sign — . 

Solve the following equations : 

4. 

WEITTEN EXAMPLES. 

As a mental exercise let the student clear of fractions the 
first 16 equations, stating the least common multiple of the 
denominators, and giving the equation after multiplication. 

1. ^ + 5s-7-43. 9. - + 5-7. 

4 x 

4-x 2 + 4a; ' 1A 4 14 

2. x + — — - — - — . 10. - + 2. 

2 6 xx 

x 7x 20 ^3558 

3. s + - - — - — -. 11. - + — + -- -. 

3 9 9 x 2x 8 x 

. . . 5x - 20 A „ io '4 A 

4. 5a; - 4a; + 3. 12. - 1. 

4 x - 8 

2a; + l cc + 7 i0 30 8 

5. a; — - -— - . 16. 



3 5 2a; + 5 x - 1 

x + S . a;-2 6-a; iy< 36 4 

6. — : — - — : — • 14- - - -. 

8 4 4 5a; + 8 x 

7 .8£^10_l2+». 9 . afc 16 .2£Ll|)_5. 
4 3 3x-2 8 

2a;-l a; + 4 5x - 1 1C 3 6 

o. — — — rz — • *o. 



9 27 a; - 4 a; + 4 
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17. 3a; + — - — « — - — + 21. 
4 5 

. Q 2s + 3 5s-7 x x-2 

is. -g f e""T" 

4 6 

• 20/^-^-39-5*. 

. a; - 2 50 + « « + B8 

" L —"T"--5 4"- 

22, f(*-i)-^(* + 2) +*(*--#) -4. 

After clearing of factions in the following equations the 
terms ^wiiich contain i? may be cancelled ont. 

Note. — If the denominators have no common multiple less than their 
product, the operation of the rule for clearing »of fractions 3s equivalent 
to multiplying the numerator of each fraction by all the denominators 
except its own, and each entire term by all the'denaminatOEs. 'Thus, the 
25th would \ye cleared of 'fractions by multiplying the Urst numerator 'fay 
the second denominator, and the second numerator by the Bret denomi- 
nator. This naturally shortens the work whea '(he denominators are 
large. 

• + 6L *.«-±I-2«±». 

..-4. ».«£±i + «tl«_j > 

x— I ?x - 1 

2,-8 4 1 9 



23. 


X* 




x — A 


24. 


x» 


« —4 


9K 


2s + 3 



3x + 9 3x-I3" -S+a? a; Ta? 
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SECTION XXIX. 

IN THE FORMATION AND SOLU- 
TION OF FRACTIONAL EQUATIONS- 
WRITTEN KXAMPXjBS* 

1. If J of x + 1 minus \ of 3x - 1 equals x - 2, what is 
the value of xl 

2. If i «f!9 - 2a;a^faactod6om2«^al»f^f2a;--ll, 

what is the value of a;? 

S. If 2«ddedtoiof 3a- 2 equals f of « + 2, whalis the 
value of xl 

4.XfJ-ofa;-lisl moTe than J of x, what is the value 
of x? 

5. The fifth part of a number, plus the fourth part, is 1 less 
than half the number. What is the number ? 

& T of a certain number, minus J of it, is equal to 5. What 
is the number? ' 

7. $ of one number is equal to \ of a number 8 greater than 
the first What is the first number ? 

8. There are 3 consecutive numbers, such fhat \ of the first, 
£ of the second, and f of the third are together 2 less than the 
first number. What are the numbers? 

9. There are 3 consecutive even numbers, such that £ of the 
first, plus f of the second, minus $ of the third, is equal to 2. 
What are the numbers ? 

10. \ of one number is 1 greater than \ of a number 5 
greater than twice the first number. What is die number? 

11. J of one number, minus \ of a number 4 greater than 
the first, is equal to 2. What is the first number? 

12. 4- of 5 more than a certain number is equal to 4he num- 
ber minus 7. What is the number? 
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SECTION L. 

STATEMENT AND SOLUTION OF PROBLEMS 
PRODUCING FRACTIONAL EQUATIONS. 

MENTAL EXERCISE IN THE STATEMENT OF PROBLEMS. 

1. If a man has a certain number of sheep, and sells \ of 
them, what fractional part will be left ? 

2. If he has x sheep, and sells \ of them, what expression 
represents the number left ? 

3. If he has f (x — 10), and sells £ of them, what expression 
represents the number left ? 

Note. — If he sells } of them, he will have } left. So we find } of 
f (x — 10). This is much easier than to find J of f (x — 10), and then 
to subtract that result. 

4. If 6 people hire a boat for x dollars, what represents the 
share of each ? 

5. If 8 people hire a boat for the same sum, what represents 
the share of each ? 

6. If the difference between the shares is $1, what equation 
can be made ? 

7. If a man walks x miles at 4 miles an hour, what expres- 
sion represents the number of hours occupied ? 

8. If a man walks x miles at 3 miles an hour, stops 2 hours, 
and then walks 6 miles, what will represent the whole time 
occupied ? 

9. If during the same time another man walks x — 6 miles 
at 2 miles an hour, what equation can be made ? 

10. If a man agrees to work for a year, for x + 100 dollars, 
what represents one month's wages? 

11. If he receives x dollars for 7 months' work, what repre- 
sents one month's wages ? 

12. What equation can be made, if the wages in both cases 
are the same? 
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SOLtJTKm 0* PROBLEMS PRODUCING FRACTIONAL 

EQUATIONS. 

114. Most of the difficult points in the solution of the fol- 
lowing problems have been presented in a simple form in the 
preceding mental exercise. The student should refer to these 
if he need help. He should also refer to the rule and remarks 
found on pages 43 and 44 Let especial attention be paid to 

neatness of explanation* 

• 

Prob. A man spends $50 of his money for a harness, £ of 
the remainder for a horse, and \ of what still remains for a 
carriage. He then has left $35 more than half his money. 
How much had he at first? 

Statement. Let x — the number of dollars the man had ; 

thefe x — 50 — the number in first remainder, because 

he spent $50 for the harness; 

„* ifc5i) - the number in aecond remainder, i«- 

cause he spent \ of the first remainder 
for the horse; 

and — — ■»■ — the number in final remainder, because 

5 he spent \ of the former remainder 

for the carriage* 

x 
AlsOy - + 35 — the final remainder, because there was 

left $35 more than half the first 

amount. 

And Seeause these two remainders represent the same quantity, 

t * ,- 3 (a; -50) x OK 
we have the equation — ■ = - + 35. 

Solution. Clearing of fractions by multiplying all the terms 
8yl0, 6a; -300 = 5a? + 350. 

Transposing and collecting, x = 650. 

Proof 650 - 5a - 600 ; £ of 600 - 480, f of 48a - 360, 
360 - £$* + 35. 

13 K 
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Pbob. Three men contributed money for a business enter- 
prise. One gave $50 less than half the amount, another gave 
$25 more than one-fifth of the amount, and the third gave $50 
more than one-fourth of it. What was the whole amount? 

Statement. Let x « the number of dollars in the whole 

amount ; 

then - - 50 - the number of dollars first gave, be- 
cause he gave $50 less than one-half 
the amount; * 

and - + 25 = the number of dollars the second gave, 

because he gave $25 more than £ of 
the amount; 

and - + 50 - the number of dollars the third gave, 

because he gave $50 more than \ of 
the amount 

Since the sum of these three amounts will give the whole amount 
contributed, which amount is also represented by x> this sum must 
be equal to x. Therefore, we have the equation 

*_50 + * + 25+- + 50 = a;. 
2 5 4 

The solution may now be easily made. 

PROBLEMS PRODUCING FRACTIONAL EQUATIONS. 

1. John and James together have 30 cents. James has 2 
more than £ as many as John. How many has each ? 

2. A boy catches, in an afternoon, 1 less than | as many 
fish as he caught in the morning. Altogether, he caught 23 
fish. How many did he catch in the morning? 

3. A boy visited his traps one morning and found £ of 
them sprung, but 2 of these empty. The number of 
animals caught was 1 more than half the number of traps. 
How many traps had he? 
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4. A is 8 years older than B. \ of A's age is equal to \ 
of B's. What are the ages of each? 

5. A son's age is | of that of his father; 20 years ago 
his age was half that of the father. What are their ages 
now? 

6. One year before the Declaration of American Independ- 
ence, 1776, Thomas Jefferson's age was £ that of John 
Adams. They died upon the same day, just 50 years after 
the Declaration, when their united ages amounted to 174 
years. How old were they at the Declaration of Independ- 
ence, and at their death? 

7. Three boys contributed different amounts to buy a ball. 
One gave 2 cents less than \ the whole amount ; another gave 
5 cents more than \ of it, and the third 1 cent less than \ of 
it. What was the cost of the ball ? 

8. A farmer had sheep in 3 fields. In the second there 
were twice as many as in the first ; and in the third, 6 more 
than in the second. He sold 44 sheep, taking \ of those in 
the first field, f of those in the second, and \ of those in the 
third. How many sheep were in each field at first ? 

9. A had 4 times as many dollars as B ; but when A paid 
B $500, he had $50 less than \ B's amount How much had 
each at first? 

10. A and B had equal sums of money ; but B spent $50, 
and then received from A $150, when A had f as much 
money as B. How much had each at first? 

11. Four persons hired a carriage for a certain sum. Two 
persons more haying joined the party, each had to pay %\ 
less than they had expected. For how many dollars had they 
hired the carriage ? 

12. A party of 10 persons charter a boat for a certain sum, 
but 3 having withdrawn, each of the remainder has his share 
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of the expense increased $6. For what sum had they char- 
tered the boat? 

13. A man walks from Philadelphia to New York at the 
rate of 24 miles a day. He returns at the rate of 20 miles a 
day, and is £ of a day longer in returning than in going. 
What is the distance between the cities? 

14. A man rides 14 miles, and walks back at half the rate 
per hotir that he rode, being gone 6 hours. How many miles 
per hour did he walk and ride ? 

Suggestion. — Let x — number of miles an hoar that he walked. * 

15. One man starts on foot and another on horseback for a 
town 12 miles distant. The horseman travels twice as fast as 
the other. He arrives at the town, spends half an hour there, 
and meets the other after returning 3 miles. At what rates 
did they travel? 

Suggestion. — Find an equality between the time spent by each on the 
journey. 

16. A sailing-vessel starts from New York for Glasgow, 
distant 3000 miles, at the same time as a steamer. The 
steamer goes 3 times as fast as the sailing-vessel. It reaches 
its port, spends 12 days in discharging its cargo and reloading, 
and meets the sailing-vessel on the return voyage 600 miles 
from Glasgow. How many miles per day did each vessel go f 

17. A man spends $400 of his salary for board, \ of the 
remainder for clothes, and \ of what still remains for general 
expenses. The balance, $400, he saves. What is his 
salary? 

18. A person had a Certain sum with which to buy a horse, 
carriage, and harness. He spent $25 for the harness, $25 less 
than -$ of the remaining money for the carriage, and £ of the 
same remainder for the horse. How much did her spend 
for all? 
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19. A man left by will $3000 to his daughter, $1000 more 
than \ the remainder of his money to his elder son, and $3000 
to the younger son. How much did he leave in all ? 

20. A mechanic agreed to work for a year for $285 and a 
chest of tools. At the end of 7 months he stopped work and 
received the chest of tools and $135. At what was the chest 
i*f tools valued ? 

21. A man walks 14 miles in the morning, and then 
quickens his pace 1 mile an hour, and walks 18 miles in the 
same time in the afternoon. At what rates does he ^ralk ? 

22. What is the fraction whose denominator is 2 more than 
3 times the numerator, and which is equal to \ ? 

23. The denominator of a certain fraction is twice its 
numerator, and if 1 be subtracted from the numerator and 2 
added to the denominator, the fraction will be equal to \. 

24. At a certain election there were 3 candidates. The 
first received 10 more than £ the number of votes cast ; the 
second received f as many as the first; and the third, 189 
votes. How many votes were cast? 

25. A man buys a horse from a former, agreeing to pay 
him $20, and work for him 4 months. He continues to work 
for 6 months, and then receives the horse and $20 besides. 
What is the value of the horse ? 

26. A and B start at the same time for a day's journey, 
having only one saddle-horse. A can walk 4 miles per hour, 
B can walk 3, and the horse can travel 6. A first rides the 
horse for a while, then ties him by the roadside and walks on. 
B walks till he comes to the horse, mounts him, and travels 
after A, overtaking him 8 hours after their first start, .flow 
many hours did each person ride the horse? 



150 ELEMENTARY ALGEBRA. 



SECTION LI. 
SIMPLE EQUATIONS- 
DEFINITIONS. 

115. An algebraic term, it will be remembered, is an alge- 
braic expression having no separate parts connected by die 
signs + and — . 

116. A term is said to have different degrees, according 
to the number of letters it contains. 

A term containing one letter is of the First Degree ; 
as, 4$. 

A term containing, two letters is of the Second Degree ; 
as, 6o6 or Sy\ 

A term containing six letters is of the Sixth Degree ; 
as, a*xy\ 4aV, or 3 c*. 

The degree of a term can always be found by adding to- 
gether the exponents of all of its letters. 

Terms that have the same degree are said to be homo- 
geneous terms. Thus, a*, 2 ab, and 6* are* homogeneous 
terms, each containing two letters. So also are x*, 2 aty* , and 
2/*, each being of the fourth degree. 

117. If each term of an equation contains not more than 
one unknown letter, the equation is said to be of the First 
Degree. 

Equations of the First Degree are also called Simple 
Equations. 

4x + l=7, x + 3^ = 8, and 4x + 5y+2z = 16 are 
simple equations, while x* - 16, x + xy = 12 are not simple 
equations. 
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Equations are also distinguished by the number of unknown 
quantities which they contain. Thus, 4a + 2 = 18 is a simple 
equation of one unknown quantity ; 2x — y — 12 is a simple 
equation of two unknown quantities; and so on. 



SECTION LII. 

SOLUTION OF SIMPLE EQUATIONS CONTAIN- 
ING TWO UNKNOWN QUANTITIES.— ELIMI- 
NATION BY SUBSTITUTION. 

118. Given 5 a;- 2y - 19, 

Sx + 2 y - 21, to find the values of x and y. 

If we take these equations separately we cannot find anything 
about the value of x or y. If either equation contained only 
x or y, we could readily solve it. We found in Section XX. 
that two equations like the above could always be combined 
by adding or subtracting, so as to cancel the terms containing 
one of the two letters. Thus, if we add the members of these 
equations, we find 8 x = 40. This is an equation containing 
only one letter, x. The other letter, y, has disappeared during 
the process of addition. This operation of cancelling out, or 
getting rid of, one letter was called Elimination. 

Elimination may be defined as the process of combining 
two equations so as to obtain a resulting equation in which 
one of the letters does not occur. 

There are three ordinary methods of elimination — by 
addition or subtraction, by substitution and by com- 
parison. 

Elimination by addition or subtraction was explained in 
Section XX. 

Solve the following pairs of equations by this method of 
elimination : 

! |8* + 4y-29) „ Ux - y-27) 

'\2x-5y 4) '(3x+2y = 34) 
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Elimination by Substitution. 

119. Givens + 4y-24, 

and x - 4, to find the value of y. 

Solution. Substituting 4 for £ in the first equation, we have 

4 + 4y- 24. 

This equation contains only y ; the % has been eliminated 
by the substitution of its value. 

The value of y may now be readily found, 

• 

Ex. Given 2x + y - 15, 

y = 4 x — 21, to find the values of £ and y. 

Solution. Here, as before, we substitute the value of x, in 
this case (4jc — 21) enclosing it in a parenthesis, and obtain 

2x + (4s -21) -15. 

This equation has only one letter, x, in it The letter y was 
eliminated by the substitution of its value. The paren- 
thesis can be removed, and the value of x found, and then the 
value of y 9 by substitution. 

Ex. Given 3a; - y = 5, 

y = 4x - 7, to find the values of x and y. 

Solution. Here, as before, we enclose the value of y in a 
parenthesis, and substitute for y in the first equation, obtaining 

Sx -(4x- 7) -5. 

The parenthesis can be removed, care being taken to note 
the effect of the sign — before it, arid the value of x found. 
The value of y may be found as before. 

Solve the following equations by this method of substitution : 

WKITTEN EXAMPLES. 

1 <4x + y = 12 1 {c + 8y-28 1 

" 1 j/ -5s -6) L ' X s-19-2y) 
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Note.— la the following equations dear of /notion* eflar Bobstkuting : 
C4x + y = 4Q ) C7x-y = 32 ) 

Ex. Given 6x- 7^/ «* 14, 

y - — - — , to find the values of x and y. 

Solution. Tbeyalue of y in this case is die fraction — - — . 

o 

Enclosing it in a parenthesis, and substituting it for y in the 
first equation, we have 



5 — 7 ("T-j" H 



This equation may be cleared of fraction? and the value of 
x found, and then the value of y, as before. 

In the same way solve the following pairs of equations : 

WRITTEN fiXAMPSLIJS. 

10&-4y = 14 ) (7z + 2y-37 

5. 

y 



-14 ) (7z + 2y-37 ) 

llx-1 >• 6. 1 4y - U >• 



120. Given {?* "" * y " ^}, tofind sand y. 

l5» + 3y=»llJ 

Solution. Here we have no value for y. But by trans- 
posing 5 x in the second equation, obtaining 

3y = ll-5s, 

11 — 5x 
and dividing by 3, we have y = . 

11 - &z 
Substituting the fraction for y in the first equation, 

3 

it becomes 

3x _ 4^LjI*) ., 24. 
The values of x and y can now be found as before. 
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For elimination by substitution we have the following 

Utile. — Transpose the term containing one of the unknown 
quantities in one of the equations to the second member, and 
divide by the coefficient of the other unknown quantity. Sub- 
stitute the expression thus found for that quantity in the other 
equation. 

Find the values of x and y in the following pairs of 
equations, eliminating by the method of substitution. 

WRITTEN EXAMPLES. 

- f5x-2y»221 4 ( s + 3y = 24) 

' 14* + 32/ = 13)' ' l4* + 2y-56r 

2 <7x+5y~te\ 5 Ux + 7y = 19} 

' l4s-2y-22)' ' ( 2x - Ay - - 28 J * 

o (8x-2y-231 g (2y-4x 321 

' 1 5*+ 6y = 18 )" ' \Sx + 5y = 50)* 



SECTION LIII. 
ELIMINATION BY COMPARISON. 

121. Given \ x " $ ~~ m \ , to find the values of a; and y. 

Ix - 6y - 7 i . * 

Solution. From the first equation we find that the expres- 
sion 4 y — 3 represents the value of a; ; from the second we 
find that 6 y — 7 also represents the value of x. These ex- 
pressions are therefore equal to each other ; that is, 4 y - 3 
— 6 y - 7. As this is an equation containing only one un- 
known letter, it can be readily solved. The letter x has been 
eliminated by the comparison of the two values of x. 
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Transposing the terms, the equation becomes 

4y- 6y -3 - 7. 
Collecting, — 2y — — 4. . 

Dividing by — 2, we find y — 2. 
Substituting this value in the first equation, x - 8-3. 
Collecting, we find x = 5. 

Proof. Substituting the values of x and y in the original 

equations, 

5- 8-3w 

6-12-7. 

Solve the following pairs of equations, eliminating by com- 
parison : 

WBITTBN EXAMPLES. 

lai*=2i/ + 14) ly-g-5 ) 

^ 5y + 16 

4y + 2>> |^ ^— I 

122. Given {J* ~~ * y " JJ1, to find the values of sandy. 
12& + 3y = 32 J * 

Solution. If we transpose the terms containing one letter, 
as y, the equations become 

6x - 28 + 82/, 
2x - 32 - 3y. 

Dividing the members of each by the coefficient of x in that 

equation, we have 

28 + 8y 

x — r 1 - 

32- 3y 

*" 2 ' 
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These values of % can now be compared, and the numerical 
values of x and y found as in the preceding examples. 

Bute. — Transpose the terms of both equations, so as to leave 
in the first members one unknown quantify, ike same tn. each 
equation. Divide by the coefficients of this quantify. Place Hie 
values of the unknown quantity thus found equal to each other, 
and solve the resulting equation. 

Solve the following pairs of equations, eliminating one 
letter by comparison: 

W KITTEN EXAMPLES. 

1 <%x^ y-22) 4 <3s+2y«16) 

1# I » + 2y-2ir I *-4y = 24r 

I2a-6y-12j (8a; + 3y« 34) 
l3a + 2y 27) 14a; - 7y 11) 



SECTION LIV. 

GENERAL EXERCISE IN SOLVINQ EQUATIONS 
CONTAINING TWO UNKNOWN QUANTITIES. 

Solve each of the following pairs of equations by all the 
three methods: 

Note. — If the same results are obtained each time, it will be sufficient 
proof of the correctness of the work. 

WRITTEN EXAMPLES. 

x f4s-7y = 34) o (7x + 16y = 59) 

I2x-9y- 6) "i4«- 8 y - 23 J 

2 (3*4-22,- 5i 4 |2x-5y= 0) 
I s + 4y= -15) l3*-42/-28) 



EQUATIONS OF TWO UNKNOWN QUANTITIES. JW 

123* If equations containing tvto unknown quantities are not 
in the right form for elimination, they must be reduced to it 

**±± + y . 5 + U*}L\ 9 to*iA 



Ex 



. Given \ 4 

Us-4-(4&-5y)~l 



xandy. 



Solution. Clearing the first equation of fractions by mul- 
tiplying each term by 12, we have 

9& + 15 + l2y - 60+12 + 8y. 

Transposing, 9#+ 12y - $y - 60 + 12 - 15. 

Collecting, 9 x + 4 y - 57. (3) 

Performing the indicated subtraction in the second equation, 

we have 2% - 4 — 4x + 5y «= 1. 

Transposing and collecting, — 2 x -f 5 y — 5* (4) 

Equations marked (3) and (4) are now in the tegular form 
for elimination, and either method may be followed, although 
it is generally best to use that of addition or subtraction. 

Solve the following pairs of equations : 



l.\ 2 +2X ll y 4< 2s + y 
v 4s-5t/~22.J {&x + 5v 




-2x 




2y = x- 




2x + l 



2y -x = 



3y-» 

4y + x 
4 



>• 



14 



5. ■< 



3x — 2$r ^ a? - y _ " 
5 " 2 ~ 



3 2 



>• 



M 



f 2s + 3y .«__„, 
16 12 * 



Z2LLi*_ a ,_* 



>. 
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7. 



8. 



' 3 s- 6y ^ 3 
* + 4« 5 

' _8 4_ " 

2z + 4 x + y J 



' 3s + 9 _ s + y " 
2 " 4 
5g + y _ 1 

ly-2*~ "~6 




11. 



f 5y + 3 4 + a;^ 

-^- — + x - 3 + — — 

6 2 



I 11 



y 3y- 7 
2 



>• 



12. 



8a; 11 y - 3 

9 * 

4s -2y . 5a;-6y-2 
7 5 



>. 



13. 



4as + 5y N 

— x - v 

40 y 



2x- 



'♦*»-i f 



124. Given 



r 6 8 K 

- + - - 5 
x y 

2 4 

- + -- 2 



», to find the values of x and y. 



l& y 

Solution. Equations of this kind are most easily solved by 
eliminating before clearing of fractions. 

6 8 K 

. - + - - 5. 
x y 

Multiplying the terms of the second equa- 
tion by 2, - + - - 4. 

x y 



Writing the first equation, 
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Subtracting the members, 

Clearing of fractions, 
Transposing and changing signs, 



x 

2 = x. 

x-2. 



6 8 



Substituting this value of a: in the first equation, - + - =» 5. 

2 V 
g 

Seducing, transposing, and collecting, - - 2. 

y 

Clearing of fractions, 8 — 2 y. 

Transposing and dividing by — 2, y — 4. 

Proof. Substituting these values in the first two equations, 
we find 

2 + 4 2 * 
Solve the following pairs of equations : 



W KITTEN EXAMPLES. 



1. 



6 5_ 

x y 

l* y 



>• 



M 



'4 9 

- + - 
x y 

3 1 

- + - 

i* y 



44 



10 



2. 



« y 

!?_!-i 



3.4 



a; 

f 5 3 

- + - 
x y 

8 6 

- + - 

L* y 



y 



= 2 



= 3 



5. 



6 9 

- + - 
x y 

3 



?" 



- = 2 

y 



<U 



4 5 

- + - 

x y 
16 1 



16 



x 



y 
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SECTION LV. 

EQUATIONS CONTAINING THREE UN- 
KNOWN QUANTITIES. 

125. If we know that 2a? + y — Sz - 7, we evidently can 
tell nothing about the values of the letters. 

If we further know that x - 2y + & = 1, we can combine 
the two equations so as to eliminate x by subtraction, and have 
a resulting equation containing y and z, but cannot tell any- 
thing about the value of the quantities. 

But if also we know that 3x-*3y + 2z=8, we can com- 
bine one of the other equations with it, so as to eliminate x, 
and thus give us a second equation containing only y and z. 
These two can be combined, and the values of the two letters 
found, and these values, substituted in either of the original 
equations, will determine x. 

We see from thfe that when there are three unknown 
quantities, three equations must be given, and that their 
solution is very similar to the previous work with two un- 
known quantities. 

The alctual operation is as follows : 

2x + y-3z = 7; (1) 

*-2y+ s-1; ' (2) 

3a-3y + 2z^S. (3) 

Solution. We will first eliminate x, combining equa- 
tions (1) and (2), and then (2) and (3). 

Writing down (1), 2 x + y - 3-z — 7 
Multiplying the members of (2) 

by % 2x - 4y + 2z ~ 2- 

and subtracting, we find *5y - 5z — 5 (4) 
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Writing down (3), Sx - 3y + 2z - 8 

Multiplying the members of (2) 

by 3, 3s- 6y + 3z - 3 

and subtracting, we find 

Taking (4) and (5) as a new set 
of equations, we see that they 
can be easily solved : 



*3y-« = 5 


(5) 


by - 5z - 5 


(4) 


Sy — z — 5 


(5) 


15y- 5«- 25 




5y — 5z — 5 





Multiplying the members of (5) 
by 5, 

Writing down (4), 

Subtracting, 10 y = 20 (6) 

and dividing by 10, we find * y - 2. 

Substituting this value in (5), 6-2-5, 

and changing signs, transposing, 

and collecting, we find *z - 1. 

Substituting these two values in (2), x - 4 + 1 = 1, 

and transposing and collecting, we find * x = 4. 

Proof. Substituting these values in (1), (2), and (3), we have 

*8 + 2-3 = 7. 

♦ 4-4+1-1. 

♦12-6 + 2 = 8. 



126. The student should remember that explaining an ex- 
ample does not consist in merely reading off the work done on 
the slate or blackboard. The reading of the work is a second- 
ary part, and some of it can often be omitted to advantage. 
In explaining the preceding solution, if the student will repeat 
, all the explanatory remarks, but only read the equations that 
are marked with a *, it will be found to give a full and con- 
u* L 
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nected explanation, and will only occupy about half the time 
that would be used in reading the whole. The eye can readily 
run over the intermediate work. 

Mule. — I. Combine one of ike equations with each of the 
others, so as to eliminate the same quantity at each combination, 
and obtain two equations containing not more than two unknown 
quantities. 

II. Combine these two equations so as to eliminate one of the 
quantities, and obtain one equation containing only one unknown 
quantity. 

III. Find the value of this by preceding methods. Sub- 
stitute this value in one of the two equations last used, and find 
the value of another quantity. Then substitute both these values 
in one of the original equations, and find the value of the re- 
maining quantity. 

Note. — Choose for elimination that quantity whose coefficients can be 
made equal with the least work. Always use the method of Addition 
or Subtraction, unless one of the others is very evidently the easier. 

Solve the following sets of equations : 



1. 



2. 



x + 2y - 

x — y + 3z = 4 

Sx - 2y + 2 = 7 

2x — y + 4z - 15 

5x+ 2y - z - 16 

x+ Sy+ 2z = 25 



WRITTEN EXAMPLES. 
2 = 9 



( x + y- z « 9^ 

3. < x-y-2z = -8> 
(3a;-y + 32- 33j 

f5a;-3y+22= 9 

4. <2z + 4y-6z= 16 

ISx- 5y + Sz 7 



Note. — In the following equations eliminate before clearing of frac- 
tions: 

n 4 3 8^ 
x y z 3 

* ) 3 2 2 o 

5. < - + -+- = 2 
x y z 

23 1__1_ 
x y z 12 



THREE UNKNOWN* QUANTITIES. 163 

127* Although, if there are three unknown quantities, there 
must be as many equations, yet each equation need not contain 
all the letters. 

Ex.l.Given^ 3s - 2y - 7 (2) V ^ 

I 4y- 3z ~ 10 (3) J 

Explanation. Here we wish to eliminate so as to obtain 
two equations containing only two, and those the same two, un- 
known quantities. We observe that eq. (3) has no term con- 
taining x. If we combine (1) and (2) so as to eliminate x, 
we will have another equation containing only y and z. These 
two can then be combined so as to eliminate one letter and find 
the value of the other. By substitution, first in one of the last- 
used equations, and then in one of the original ones, the values 
of the others can be found. 

Let the student solve the above equations in this way : 

f3*-2y = 16 (1)) 
Ex. 2. Given. < 4y - 2z - 22 (2) > , to find x, y, and z. 

Ux-4z - 8 (3) J 

Explanation. Each of these equations contains two un- 
known quantities, but no two contain the same. We observe 
that eq. (3) has no term containing y. If we combine (1) 
and (2) so as to eliminate y, we will have an equation con- 
taining only x and z, which with (3) will give two equations 
containing the same two unknown quantities. Let the student 
solve the equations in this way. 

Solve the following sets of equations : 

WRITTEN EXAMPLES. 




(s + y = 19) 
!. < x + z -18 > 
ly + z -17 J 
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'2 3 _ JH 
x y 4 



3. < 



M-8 

x % 

3/ 2 



4x- 3y- 2s = 12 
4. < x + 2y - 32 

5z = 15 

6a;- 3y + 2 - 44^ 
3x-y -28/ 

a; + 2 - 11 J 



Note. — If the equations are not in the regular fbrm, they must be re- 
duced to it by performing any necessary operations — clearing of frac- 
tions, or transposing. 



3(x+23/) -3G + 8z 

6. <2(2y- 8s) - 14 - x 

4 (x - z) = y - i 



7. 




r 2s + y 
3 
3y + % 
3 

X + 22 



= 22 



3(z - y) - 62 + 9 
2(x - 2) - 5y+ 2 
4 (3/ - z) ~ x-3 



-1 



Sf 



9. 



* + y 


11 


y+ a 


4 


X-fZ 



1 



10. < 



a: + y 



2a; + y 

2 

a; — z 

3 
2»-y 



2z+l 



= z 



= z — 5 



r x + 5 



11. 






y + 4 
2 

2s -y 
2x 



— 2 



2 + 11 

4y- 32 + 9 J 



1 
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SECTION LVI. 



SIMPLE EQUATIONS CONTAINING ANY 
NUMBER OF UNKNOWN QUANTITIES* 

138. We can now give a general rule which will cover the 
solution of all simple equations containing any number of 
unknown quantities, provided the equations number as many 
as the unknown quantities which they contain. 

Rule. — I. Combine the equations two and two, talcing cure to 
use each equation at least once, so as to eliminate the same Un- 
known quantity , and to produce another set of equations, one 
less in number than the original set, but containing one less of 
the unknown quantities. 

Note. — If any equation does not contain the unknown quantity 
selected for elimination, that equation nay be immediately included in 
the second set, and there will be one less elimination necessary. 

II. Repeat the operation with the second set, eliminating an* 
other unknown quantity and producing a third set of equations, 
one less in number and containing one less of the unknown 
quantities. Continue this till only one equation is left containing 
only one unknown quantity. 

HI. Find the vaiue of this, and then, by substituting, find the 
values of the other quantities. 

The rule is fully illustrated on the two succeeding pages in 
the solution of the following example : 





' a; — 2y + z+ tt« 


5' 




Ex. Given . 


3y- 2s + 2u~ 


2 


to find the values 

• 


i 


%x — 4y + 3w = 


5 


of x, y, z, and u. 


: 


a;— y — 2z + w* 


-8- 





I 5 ; 






If 



a » a a 



H S H 



S 55 ' 



| ~.f| 



a 3 s 
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1. 



Solve the following sets of equations : 

WBITTEN BXAMPIiBa 

a;- 3y + 22 - u «= 6^ 
3a; + 2y - z + 3« - 13 
2a; - 2y + 22- 2u- 8 J 

a; + y + 2 + w = loJ 
3a; + 2y - 42 = 11 
2a; + y + w - 16 

a; + 2 + u = 10 
2y + 2 - w = 9 

a; + y + 2 + w = 14 "" 



2. 



3. 



4. 




3a; + 2y - z 
4a; -y 
Zx-z 

2y + 3« + 

a; + y + z - 
x + y + 2-2w= 7 
3z + 2y + 2z =21 

Note. — To solve the following set of equations, add together the cor- 
responding members of the four equations. Divide each member of the 
resulting equation by 3, and from this result then subtract, member by 
member, each of the original equations. This will give the values of 

the letters. 

x + y + 2-13^ 



5. 



x +y + u - 12 
x + 2 + u - 14 
y + z + u - 9 



Note. — Solve the following as given above, but divide by 2 instead 
of by 3: 



* 2/ 

6. ^ - + - - 

X 2 



8 



2/ 2 



{a; +y - 10") 
x + s - 12 >< 
y + 2 - 14 J 
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SECTION LVII. 

MENTAL EXERCISE IN THE STATEMENT 

OF PROBLEMS. 

1. In the number 32 there are how many tens, and how 
many units? 

Note. — In the number 32 there are 3 tens and 2 units. The 3 tens 
equal 30, and the 2 units equal 2. The number, therefore, is equal to 30 
and 2, or 30 + 2. If x represent the 3, or the tens figure, and y repre- 
sent the 2, or the units figure, then there would be x tens, which equals 
10 x y and y units, which equal 1 y, ory. Therefore the number would 
be equal to 10 jc +y. 

2. If x represents the 10's figure or digit of a certain num- 
ber, and y represents the units digit, what expression repre- 
sents the number? 

3. If the digits or figures of the number be inverted, so 
that y stands for the 10's digit and x for the units digit^what 
expression will represent the number? 

4. If - be such a fraction that adding 3 to the numerator 

y 

and x to the denominator makes it equal to £, what equation 
can be formed? 

5. If a man can do a piece of work in 6 days, what frac- 
tional part can he do in 1 day? and what fractional part in 4 
days? 

6. If a man can do a piece of work in x days, what frac- 
tional part can he do in 1 day? What fractional part in 
5 days? 

7. If a man can do a piece of work in y days, and works 6 
days, what fractional part of the work will he do ? 

8. If one man can do a piece of work in x days, and works 
5 days, and another can do it in y days, and works S days, 
what fractional parts will each do? 

15 
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9. If two men perform a piece of work, one doing the 

8 8 

- part of it, and the other the - part of it, what will the 

x y 

6 8 

sum of the two fractions - and - equal ? 

x y 

10. If A can dig a trench in x days, and B in y days, and 
A works alone 5 days and then calls in B, and the two to- 
gether finish the work in 7 days more, how many days does 
each work ? What fractional part does each do ? What is 
the sum of the fractional parts equal to ? 

11. If A can paint a fence in 10 hours and B in 6 hours, 
and the two together in x hours, what fractional parts can A 
and B paint in one hour? and what fractional part can both 
together paint in one hour? 

12. If A can mow £ of a field in a day, and B can mow 

-j^th of it in the same time, and together they can mow - part 

x 

of it in one day, what equation can be made ? 



SECTION LVIII. 

PROBLEMS TO BE SOLVED BY TWO OR 
MORE UNKNOWN QUANTITIES. 

PROBLEMS TO BE SOLVED BY TWO UNKNOWN 

QUANTITIES. 

1. 6 years ago A was $ as old as B. In 4 years he will be 
$ as old. How old is each now ? 

2. A drover had 52 sheep in two pens. He sold 17, taking 
\ of those in one pen, and 4 less than ^ those in the other. 
How fhany sheep were in each pen? 
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3. A man sold 59 cattle, taking from one drove f of the 
number, and from the other f of the number. He then sold 
15, taking £ of the first remainder, and £ of the second. How 
many were in each drove at first ? 

4. In a certain number the tens figure, or digit, is 4 times 
the units digit. If 13 be taken from | the number, the result 
will be a number with the same digits in an inverted order. 
What is the number? 

5. If the numerator of a certain fraction be increased by 1, 
and the denominator by the numerator, the result will equal £. 
But if the numerator be increased by the denominator, and 
the denominator decreased by 3, the result will equal 3. What» 
is the fraction ? 

6. A works 10 days at a wall, and then B finishes it in 4 
days. If A had worked 6 days, B could have finished the 
work in 6 days. In how many days could each have done 
the work? 

7. A man and his son can together hoe a field in 6 hours ; 
but the man being called away after working 4 hours, the son 
finishes it in 5 hours more. In what time can each hoe the 
field? 

8. If 4 be added to the numerator of a fraction, and 9 be 
added to the denominator, the fraction will equal \. But if 
9 be added to the numerator and 4 to the denominator, the 
fraction will equal £. What is the fraction ? 

9. A number of two digits is 7 times the sum of its digits, 
and the tens digit is 2 greater than the units digit. What is 
the number? 

10. A number of two digits is 6 more than 5 times the units 
digit, and if the digits be inverted the resulting number will 
be 7 times the sum of the digits. What is the number ? 

11. A and B engage to do a piece of work in 10 days ; but 
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B being sick 5 days, they take 13 days to complete it. In 
what time could each have done it? 

12. A farmer had sheep in two fields. Desiring to give 
them more room, he placed in a third field 16 sheep from one 
of the fields, and \ of those in the other. The three fields now 
contained equal numbers of sheep. How many were in each 
of the two fields at first ? 

13. A number of two digits is 4 times the sum of the digits, 
and if 9 be added to the number the result will have its digits 
in an inverted order. What is the number ? 

14. A farmer has some sheep and oxen. Allowing 3 sheep 
to an acre of ground, and 1 ox to an acre, it would take a 
field of 16 acres to accommodate them. But having sold 12 
sheep and bought enough oxen to double their number, he finds 
that 14 acres Will be sufficient. How many of each had he 
at first? 

15. A tank can be filled from two pipes. If both are run- 
ning, the tank will be filled in 16 hours. If one runs 10 hours 
alone, the other can fill it in 40 hours. In what time will 
each fill it? 

16. A boy spends his money for tops of a certain kind, pur- 
chasing 6. Had he bought others, 1 cent a top less, he could 
have purchased 8. How much money had he? and what was 
the cost of the tops which he bought? 

17. The tens digit of a certain number is \ greater than 
the units digit, and if 9 be subtracted from the number, the 
result will be a number with the same digits in an inverted 
order. What is the number? 

18. A and B together have $1400 ; B gives A $300, and 
then A spends $ of his money, and B spends £ of his. A has 
left now $50 more than B. How much had each at first ? 

19. A dealer buys 20 chickens and 15 geese for $20. He 
sells 10 chickens at an advance of 10 cents apiece, and 12 
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geese at an advance of 20 cents apiece, receiving for them 
$17. How much did he pay for each? 

20. A drover bought sheep for $4 and cows for $25, spend- 
ing $320. 5 sheep and 2 cows having died while being driven 
to market, he sold the sheep for $6, and the cows for $40, 
making a profit of $70. How many sheep and cows did he 
purchase? 

PBOBLEMS TO BE 90LYED BT MOBE THAN TWO 

UNKNOWN QUANTITIES. 

1. A person wishes to weigh three packages, but has not 
weights enough. But he finds that the first will balance the 
second and a 3-pound weight; that the second will balance 
the third and a 2-pound weight, and the second and third 
together will balance the first and a 7-pound weight. How 
many pounds did each package weigh? 

2. Three bags of coffee, taken two at a time, weighed 94, 
76, and 90 pounds. How much did each weigh? 

3. The number of bones in the fingers exceeds the number 
in the wrist by 6, the number in the wrist is twice as many as 
in the hand, less 2, and the number in the wrist and hand to- 
gether is 1 less than in the fingers. How many bones are in 
each? 

4. If to twice the height of Bunker Hill Monument 40 
feet be added, the sum will be equal to the height of the pyra- 
mid of Cheops. If the monument, starting at one angle, be 
laid three times along the side of the base of the pyramid, 
there will be left of the side 6 feet less than half the length 
of the monument. If the monument be put on top of the 
pyramid, the total height would be less than a side of the base 
of the pyramid by 64 feet. What are the dimensions ? 

5. A, B, and C together can dig a trench in 5 days ; A and 
C together can dig it in 7£ days. A and B work at it 4 days, 

15* 
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when C takes B's place, and A and C finish the work in 3 
more days. In what time could each have done it ? 

6. A man and his two sons set up a fence in 21 days. The 
man and oldest son could have done it in 30 days, and the two 
sons together could have done it in 42 days. In how many 
days could each have done it? 

7. The sum of the three digits of a certain number is 18. 
If 36 be added to twice the number, the result will be a num- 
ber with the same digits in an inverted order. The units digit 
is equal to the sum of the tens and hundreds digits. What 
is the number ? 

Suggestion. — Let x — hundreds digit, y — tens digit, and z = units 
digit. Thus, 100 x + lOjy + z = the number. 

8. A comparison of the cubic inches in the brains of the 
European race, of the Bushmen of Africa and of the gorilla 
gives the following results : The European's brain contains 7 
cubic inches more than 3 times the gorilla's. The Bushman's 
contains 30 more than half the European's. The Bushman's 
and gorilla's together are 1 2 more than the European's. How 
many cubic inches in the brain of each ? 

9. A, B, and C have altogether $1600. They trade sep- 
arately, and A gains $200, B loses half his money, and C 
doubles his. They have now between them $1850, A having 
the same that B had at first. How much did each start 
with? 

10. The sum of two numbers of two digits each is 56. If 
the digits of the smaller number be inverted, the result will be 
10 more than the larger number. The sum of the four digits 
is 11, and the difference between the tens' digits is 1. What 
are the numbers? 
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SECTION LIX. 

MISCELLANEOUS PROBLEMS, TO BE SOLVED 

BY SIMPLE EQUATIONS. 

Problem. A man can do a piece of work in 6 days, and 
his son in 8 days. In how many days will they do it if they 
both work together ? 

Statement. Let x = the number of days it would take 

both together. 

Then, - = the fractional part they could do in 

x one day ; • 

\ = the fractional part the man could do 
in one day, because he could do it 
all in 6 days ; 

and •$- = the fractional part the son could do 

in one day, because he could do it 
all in 8 days. 

But the parts which each could do separately in one day must 
together be equal to the part which they woxdd do in one day if 
they worked together. 

Therefore we have the equation^ \ + -J- = -. 

x 

Solution. Clearing of fractions, 4x + 3 a; = 24. 

Collecting, 7 x = 24. 

Dividing by 7, x = 3-^, the number 

of days it would take both to do the work. 

PROBLEMS. 

1. The head of a great northern whale was 2 feet longer 
than twice the length of the tail. The body was 1 foot less 
than twice the length of the head and tail together, and the 
whole whale was 7 feet more than 4 times the length of the 
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head. What were the lengths of the three parts, and of the 
whale ? 

2. A person bought 3 yards of linen and 6 yards of muslin, 
the linen costing 3 times as much per yard as the muslin. 
The price of both having risen 2 cents a yard, he found that 
2 yards of linen and 8 yards of muslin cost 10 cents more 
than the former lot. What were the prices at first? 

3. A man sells new milk at 4 cents a quart. How many 
quarts of milk does it take to give one quart of cream, if 
cream can be sold for 20 cents and skimmed milk for 2? 

Suggestion — If 1 quart of cream be taken from x quarts of milk, 
how many quarts of milk will be left ? 

4. There are two fractions, of which the numerator of the 
second is equal to the denominator of the first. The product 
of the two fractions, plus the second, is equal to -J. If the 
second be inverted and added to the first, the sum will be 2. 
If 7 be added to the denominator of the second fraction, its 
value will be \. What are the fractions? 

5. A man placed 54 sheep in 3 adjoining fields, putting in 
the second field 4 less than in the first. \ of those in the first 
field and \ of those in the third having broken into the second, 
that field contained half the sheep. How many were in each 
field at first ? 

6. From a certain cask there were drawn out 10 gallons of 
liquid, and as much more put in as was left. There were then 
drawn out 30 gallons, when there remained only half the 
amount that was left after the first draught. How many gal- 
lons did the cask contain at first ? 

7. In gunpowder there are equal parts of saltpetre and 
sulphur, and 4 times as much charcoal as both of the others 
together. How much of each is there in 10 pounds of 
powder ? 

8. A stack of hay will last one horse 6 months, and a cow 
4 months. How long will it last 3 horses and 4 cows? 
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Suggestion. — If 1 hone will eat £ of the stack in one month, what 
part will 4 horses eat in the same time? 

9. On the first voyage of Columbus across the Atlantic he 
was 12 days longer in his voyage from Spain to the West Indies 
than he was in returning. He spent at the West Indies 20 
days less than twice the time of the return voyage, and the 
•whole expedition covered 224 days. How many days were 
spent in each of the three parts? 

10. A grain-dealer had two kinds of oats. One weighed 32 
pounds to the bushel, the other 24 pounds. A customer bought 
6 bushels of the better oats ; but when they were sent to him 
he found that they only weighed 30 pounds to the bushel. 
How many bushels of the lighter oats had been mixed with 
the others? 

11. Two sheep, which weighed together 91 pounds, were 
fattened. One gained an amount equal to half its weight, 
and. the other gained 10 pounds more than $ of its weight, 
when they were found to weigh together 138 pounds. How 
much did each weigh after being fattened? 

• 

12. A man and his- son could together row a boat 12 miles 
in 3 hours. The man rows 1 hour, then both together row 1 
hour, and the boy finishes the 12 miles in 4 hours more. How 
many miles per hour can each row ? 

13. What are eggs a dozen when 3 more for the price of a 
dozen would make each egg cost half a cent less ? 

14. The length of the large suspension-bridge at Niagara is 
94 feet less than 3 times the distance from the top of the sup- 
porting towers to the water. The distance of the railroad-track 
from the water is 5 feet more than 4 times the height of the 
towers above the track. If one tower were laid 13 times along 
the traok, there would be left 41 feet of the bridge. What are 
the length of the bridge, the distance of the railroad-track 
from the water, and the height of the towers above the track ? 

M 
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SECTION LX. 
REVIEW. 

MENTAL EXERCISE. 

1. Ik the expression a 4 what does the exponent 4 show? 

2. Multiply a* x a* x a 4 , taking a 4 3 times. The exponent 
of the product is how many times the exponent of a 4 ? 

3. Repeat Theorem I. 

4. Repeat Theorem II. 

Give the squares indicated in the following: 

5. (a + b)\ 7. (2a - b)\ 9. (x - y)\ 

6. (a - 26)*. 8. (a* - ax)\ 10. (4x + 2y)\ 

11. Why are exponents added in multiplication? (Art. 42.) 

12. Why are exponents subtracted in division? (Art 67.) • 

13. What is a Binomial ? Give an example. * 

14. What is a Monomial ? Give an example. 

15. What is' a Trinomial? Give an example. 

16. a* - 1 - 2 ab + 6* is the square of what quantity? 

17. 16 x* + 2Axy + 9y* is the square of what? 

18. Is 25x* - lOxy + lGj/ 2 a perfect square? 

19. Perform the following multiplications : 

2x3, 2 x - 3, - 2 x 3, - 2 x - 3. 

20. Where the signs of the quantities are alike, as in the 
first and last cases, what is the sign of the product? 

21 . Where the signs are unlike, as in the second and third 
cases, what is the sign of the product ? 

From these cases we derive the following important 

JRtffe. — In multiplication, and also in division, Wee signv pro- 
duce + , and unlike signs produce — . 
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SECTION L.XI. 
INVOLUTION OF MONOMIALS. 

129. We have seen that x* means the product. of 6 x% and 
that (a + x)* means the product of a + x and a + x. The ex- 
ponent shows how many times the letter, or quantity, is taken 
as a factor.. 

If a quantity is taken any number of times as a factor, the 
result is called a Power of that quantity. 

Powers are called first power, second power, etc., according 
to the number of times the quantity is taken as a factor. Thus, 
a 8 is the third power of a, because the exponent 3 indicates 
that a is taken 3 times as a factor. 25 is the second power of 
5, because the factors of 25 are 5 and 5. (a + x) 4, indicates 
the 4th power of (a + x). 

The first power of any quantity is the quantity itself. Thus, 

a = a\ 5 # « 5 l , a + x - (a + x)\ 

The second power is usually called the Square. 

The third power is often called the Cube. 

The higher powers are distinguished by the ordinal ad- 
jectives, fourth, fifth, etc. 

179 
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190. Involution is the process of raising a quantity to any 
given power. 

To involve a quantity is to raise it to a given power. 

Any power may be indicated by affixing to the quantity an 
exponent equal to the number indicated by the power. 

Any power of a quantity may be found by multiplying the 
quantity together the number of times indicated by the ex- 
ponent. 

MENTAL EXERCISE. 

1. What is the fifth power of tt? 

2. What is the second power of 7? 

3. What is the third power of 3 ? 

4. What is the third power of a?? 

5. What is the second power of a*x ? 

6. What is the third power of c*cP ? 

131. If we wish tQ find any power of a monomial composed 
of letters, it can be done more shortly than by continued mul- 
tiplication. 

Ex. What is the fourth power of s ? 

Solution. We may represent the continued multiplication 
thus : a*a*a*a*, which equals a n . That is, the exponent of the 
power, a", contains the exponent of a 5 as many times as a* was 
to be taken as a factor, or four times. 

Mule. — To raise a monomial to any power, multiply each ex- 
ponent by ike number which indicates the power. 

An expression Kke {Afy 8 )* means that c*tf#* is to be raised 

to its 4th power. The result is cWy". The original exponent 

of d was 1, understood. 
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ke the following monomials to the indicated power: 



MENTAL EXERCISE. 

1. (a'6) 8 . 4 (a 4 yV) 5 . 7. (<mW)\ 

2. (aVy) 4 . 5. (aty*) 4 . 8. (pdmtotf. 

3. (cW) 7 . 6. (ac*f afy 5 ) 8 - 9. (aVaV) 4 . 

132. The successive powers of — a are — 

1st power, — a = — a. 

2d power, -ax - a - + a*. 

3d power, a* x — a — — a*. 

4th power, - a 8 x - a = + a 4 . 

5th power, a 4 x - a ~* - a*. 

6th power, — a 5 x — a — + a\ 

We notice that the first, third, and fifth powers, which are 
the odd-numbered ones, have the — sign ; while the second, 
fourth, and sixth powers, which are even numbered, have the 
+ sign. 

This also follows from the principle of multiplication, that 
negative quantities taken two and two give positive products. 

For powers of Monomials, we hare the general 

Ruie. — I. If the monomial has a coefficient, raise U to the 

required power by ordinary multiplication. 

» 

II. Multiply the exponent of each letter by the exponent of the 

required power. 

III. If the sign of the monomial is + y (he sign of any power 
will be +. But if the sign is —,the even powers will have the 
sign +, and the odd powers will have the sign - . 

id 
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Give the powers indicated in the following expressions: 

MENTAL EXERCISE. 

1. (3*Y) 2 . 4. (- 2*V) 4 . 7. (- lOa'aty 8 ) 4 . 

2. (- 5mW) 8 . 5. (6 ax*y)\ 8. (- im'thf)*. 

3. (2aV) 8 . 6. (-syV) 8 . 9. (9a 8 cz*)*. 

Expand the following quantities ; that is, perform the indi- 
cated involution and multiplication : 

MENTAL EXERCISE. 

1. 3(aV) 8 . 5. 2 (3 s 2 ) 8 (4 a*/). 

2. 4 a (ay> 8 . 6. 5 (a*x)* (az*)'. 

3. S(a*y(xy. 7. (2aBy)"(8aW)\ 

4. 4 (3 a) 2 (2 a). 8. 2(tfy)\2arf). 

133. Since, in multiplying fractions together, we multiply 
numerator by numerator and denominator by denominator, in 
raising a fraction to any power we raise the numerator and 

denominator separately to that power. Thus, ( - I = — , for 

\xj ar 

( a Y _ a a a _ a * 
X ) X X X X* ' 

. Raise the following fractions to the indicated powers : 

MENTAL EXERCISE, 

i l*\ 4 fe*Y" 7 P*-Y 

2 ("3^) 6 i'^} 8 -(bd) 
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SECTION LXII. 
INVOLUTION OF POLYNOMIALS. 

Raise the following binomials to the indicated second power 
by the use of Theorems I. and II. : 

1. (a + b)\ 5. (4 + x)\ 9. (4 - Sy) 2 . 

2. (a - x)\ 6. (3 m + 2 n)\ 10. (2 x - cc*) 2 . 

3. (m + n) 2 . 7. (5 a - 6 b)\ 11. (5^-2 t/ 2 ) 2 . 

4. '(& - 2 j/) 2 . 8. (3 ax + 2 x 2 ) 2 . 12. (3 a* + y)\ 

134. By actual multiplication, polynomials may be raised 
to any given integral power. 

Ex. Raise a + x to the third power. 

OPERATION. 

a + x 

a + x 

a 2 + ax 
ax + x 2 

a* + 2ax + x* 
>a + x 

a 8 + 2a*a; + ax 2 
a 2 x + 2 as* -I- 3 s 

a 8 + 3a*a; + 3aa;* + a 3 

Raise by multiplication the following binomials to the indi- 
cated powers : 

WRITTEN EXAMPLES. 

1. 0-2/) 8 . 3. (a + 2 a) 4 . 

2. (3a -26) 3 . 4. (4» - 53/) 8 . 
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SECTION LXIII. 

BINOMIAL THEOREM. 

135* The Binomial Theorem gives a method of finding 
powers of binomials without the continued multiplication. It 
was discovered by Sir Isaac Newton. 

We find the following powers by continued multiplication : 

(x + y) 1 - x + y. 

(x + yf - x 1 + 2xy + #\ 

(x + J/) 8 - X s + 3x*y + 3xy* + z*. 

(x + y) 4, = a; 4 + 4afy + 6 aty 2 + 4ay + y 4 . 

(a; + y) 8 = s 5 + 5x V + 10 «V + lOafy 8 + 5a#* + y 5 . 

(x-y) 1 = x- y. 

(x - yy - a;' - 2a# + y 2 . 

(a- _ J/) 8 = x* - 3afy + 3 ay 1 - i/ 8 . 

(a: - 7/)* - ** - 4afy + 6afy 2 - 4ay + i/*- 

(x-yf = x*- dx*y + lOarty 2 - lOafy 8 + 5a#* - 3/*. 

136. Prom an examination of these powers of x + y and 
x — y, we derive the following 

Principles of the Binomial Theorem. 

I. Of Signs. — If the connecting sign in the binomial is + , 
as in x + y f all the signs of the power are +. 

If the connecting sign is - , as in x - y, every alternate 
sign is - , beginning with the sign of the second term. 

II. Of Coefficients. — The coefficient of the first term is always 
1 ; of the second term it is the same as the exponent of the 
power to which the binomial is to be raised. Thus, in the 4th 
power of x + y the coefficient of the second term is 4 ; in the 
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5th power it is 5. The coefficient of the third term may be 
found by multiplying the coefficient of the second term by 
the exponent of the first letter in that term, and dividing the 
result by 2, the number which marks the place of the second 
term. And, in the same way, to find the coefficient of any 
term, multiply the coefficient of the preceding term by the 
exponent of the first letter in that term, and divide by the 
number which marks its place. Thus, if the fourth term be 
10 zV> we find tne coefficient of the fifth term by multiplying 
10 by 2, and dividing by 4, which gives 5. 

III. OfLetter8 and their Exponents.-- -The first letter, x, occurs 
in the first term, with an exponent equal to the exponent of 
the power to which the binomial is to be raised. It occurs in 
the succeeding terms, except the last, with an exponent suc- 
cessively decreasing by 1, till in the next to the last term it is 
1. The second letter occurs in the second term, with an ex- 
ponent 1, and in all the succeeding terms with an exponent 
successively increased by 1, till in the last term it is equal to 
the exponent of the power of the binomial. 



137. In using these principles to find any power of a bi- 
nomial, we do not find what all the signs will be, then what 
will be all the literal parts of the terms, and then insert the 
coefficients, but by the use of the proper principles we put 
together one term after another in order, putting down first 
the first term, then the sign, coefficient, and literal parts of 
the second in order, and so on, till the whole power is com- 
pleted. 

This is illustrated in the solution of the following : 
Ex. Raise x - y to the 7th power. 

Solution. We first determine the first term. Prom Prin. 
I. its sign is + , and from Prin. II. its coefficient-is 1, and from 

16* 



\ 
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Prin. III. x is the only letter, and is raised to its 7th power. 
Hence, the first term is x\ 

The connecting sign of the binomial being - , the sign of 
the second term, according to Prin. L, is — . According to 
Prin. II., the coefficient is equal to the power of the binomial, 
or 7. According to Prin. III., the letter x has an exponent one 
less than its former exponent, or 6, and y occurs with an ex- 
ponent 1 ; hence, the second term is — 7 afy, and the power as 
thus far constructed is 

x 1 - lx*y 
_6 

2J42 



21, 3d coefficient. 

The next sign is +. The next coefficient is found by taking 
6 times 7, which equals 42, and dividing by 2, which gives 21. 
The literal part is x*y*, the exponent of x being diminished 1, 
and that of y being as much increased. The third term, 
therefore, is 21 afy a , and the work stands thus : 

a 7 - lx*y + 21zy 
6 5 



2J42 3; 105 



21 35, 4th coefficient. 

The next sign is — . The coefficient is 21 x 5 + 3 « 35. 
The literal parts are se* and y 8 . The whole term is 35 afy 8 , and 
the work stands thus : 

x 1 - lx*y + 21ofy 2 - 35zY 
6 5 4 

2J42 32105 4^140 

21 35 35, 5th coefficient. 
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Proceeding in this way, by successive applications of Prin- 
ciples L, II., and III., the completed work would stand — 

tf - 7aty + 21ary - 35aV + 35aV- Zlrftf + 7xif -y 1 
6 6 4 3 _2 _1 

2)42 3;i05 4J140 b) 105 6)42 1)1 

21 35 35 21 7 1 

Note. — The work for the coefficients can generally be done mentally ; 
but the method given above is very convenient, and serves to fix the 
operation in the mind* 

Utile* — To raise a binomial to any required power, we con- 
struct each term of the power separately, and in regular order, 
determining the sign, coefficient, and literal part by the 
successive use of Principles L, II, and III of the Binomial 
Theorem. 

138. The terms of the power always number one more than 
the exponent of the binomial. 

The coefficients are the same at equal distances from each 
end ; hence they need only be calculated as far as to the middle 
of the terms. 

The sum of the exponents of the letters in each term is 
always the same and is equal to the exponent of the binomial. 

Eaise the following binomials to the indicated powers by 
means of the Binomial Theorem : 

WRITTEN EXAMPLES*. 

1. (x + y)K 4. (m - w) 8 . 7. (c + d) 8 . 

2. (a - x)\ • 5. (b + c)*. 8. (ra + n) 6 . 

3. (c + d)\ 6. (a + c) 5 . 9. (a - x)\ 

MENTAL EXERCISE. 

1. O - 2/) 8 - 3. (c + d)\ 5. (m - n)\ 

2. (a + b)\ 4. (x + y)\ 6. (a - b)\ 
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139. Ex. Raise 4a 2 + 3* to the 4th power. 

Solution. The first letter has already both a coefficient 
and an exponent, and the second has a coefficient, which are 
greater than 1 ; we cannot therefore treat the letters as we 
have done in previous examples. If, however, we enclose each 
term in a parenthesis, thus, (4 a 2 ) + (3 x), and treat each 
parenthesis as though it were a letter, we can proceed as 
before. Thus, 

((4a 2 ) + (3z)) 4 - (4a 2 ) 4 + 4(4 a 2 ) 8 (3 x) + 6(4a 2 ) 2 (3a;) , 
. +4(4a 2 )(3a;) 8 + (3a0 4 . 

Expanding each term, we have 

256a 8 + 76&a'x + 864aV + 432aV + 81s 4 . 

Raise the following binomials to the indicated powers by- 
means of the Binomial Theorem : 

WRITTEN EXAMPLES. 

1. (2a + h)\ 4 (x» + y 2 )« 7. (£x 2 - 2x)\ 

2. (3 s - y)\ 5. (4y + z) 4 . 8. (ah + x)\ 

3. (c + 2 d)\ 6. (y> + 2/)\ 9. (x + ± yf. 

The cube of a + b is a 8 + 3a*6 + 3a& 2 + ft 8 . That is, the 
cube of the sum of two quantities is equal to the cube of the first, 
plus 3 times the product of the square of the first, and the second, 
plus 3 times the product of the first and the square of the second, 
plus the cube of the second* 

If the cube of the difference of two quantities betaken, the 
result will be the same, except that the signs of the second and 
fourth terms will be minus. 

Give the following indicated cubes: 

MENTAL HXERCISE. 

1. (x + yf 2. (a - x)\ 3. (m + rif. 
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SECTION LXIV. 
EVOLUTION OF MONOMIALS. 

140. What is the quantity whose second power, or square, 
is 9s 6 ? 

Solution. We know that 9 is the square of 3, for 3 x 3 = 9. 
If a? be the square of some power of x, the original exponent 
was multiplied by 2 to get z* (Art. 131). Therefore we divide 
the present exponent by 2 to find the original one. The result 
is x*. Hence, 3 a? is the quantity whose second power, or 
square, is 9 x*. It is called the second, or square, root of 9 as*. 

Ex. What is the square root of 16afy*? 

Solution. We wish to find the quantity whose second 
power is 16 x*y w . We know that the second power of 4 is 16. 
The exponents of x*y 10 must b© divided by 2 to find those 
exponents which, multiplied by 2, will be 4 and 10. Hence, 
the quantity is 4xhf. 

Ex. What is the quantity whose third power, or cube, is 
27 <?<?? 

Solution. We know that 27 is the cube of 3, so 3 is the 
coefficient of that quantity. And since the exponents in the 
quantity were multiplied by 3 to get <fd? 9 we must divide by 3 
to find what they were before. Hence, the quantity is 3 &d. 

Since the cube of 3 <?d is 27 c*cf , 3 <?d is called the cube 
root of 27 <?<F . 

141. If one quantity be a certain power of another, the 
second is the same root of the first. 

Since any power of a quantity is composed of that quantity 
taken a certain number of times as a factor, the factors are 
all equal to each other. Therefore a root of a quantity is 
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one of its equal factors, the number of the root being the 
same as the number of the equal factors of which it is one. 

Ex. What is the fourth root of a 8 & 18 ? 

Solution. Since the exponents of the desired quantity 
were multiplied by 4 to get a*b lt , we divide these exponents by 
4 to find those of the fourth root. This gives us aV. 

Mule. — To take any root of a monomial, take the root of the 
coefficient, as in Arithmetic, and divide the exponents of the 
letters by the number which indicates the root 

142. The student should make himself familiar with the 
following 

Tabi,e op Powebs op Numbebb. 



The Square of 


The (Me of 


•2-4, 


2 = 8, 


3-9, 


3-27, 


4 = 16, 


4 = 64, 


5-26, 


5-125. 


6-36, 


The Fourth Power of 


7-49, 


2 = 16, 


8 = 64, 


3 = 81, 


9-81, 


4-256. 


10 = 100, 


The Fifth Power of 


11 - 121, 


2-32, 


12-144. 


3 = 243. 


The Sixth Power of 


2 


= 64. 



MENTAL EXERCISE. 

1. What is the number whose cube is 27 ? 

2. What is the cube root of 64 ? 

3. What is the square root of 49 afy* ? 

4. What is the fifth root of 32 a 1 ?? 
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5. What is the quantity whose square is 64 abritx* ? 

6. What is the square root of 81 afy* ? 

7. What is the 6th root of c"*? 6 ? 

8. What is the quantity whose 4th power is 81 JVy*? 

143. The square of x is x*. 
The square of — x is x*. 

That is, x 9 is the square of both + x and — x. When it is 
asked. What is the quantity whose square is 7? ? there are two 
answers : + x or - x. That is, there are two square roots. 

The 6th power of x is x*. 
The 6th power of — x is x*. 

Hence, there are two 6th roots of x*, + x and — x. Every 
quantity has two even roots which are alike, except as to their 
signs. - " 

Instead of writing the two roots separately, it is customary 
to affix a double sign, =*= , called plus or mimi8> to the root. 
Thus, the square root of 4 may be either + 2 or - 2, which 
we indicate- by writing =*= 2 (read plus or minus 2). The square 
root of x 2 is written =t x, and is read + or — x f and means 
• + x or - x. 

* « 

144. The third power of a is a 8 . 
The third power of — a is — a 8 . 

Since the odd power of a + quantity is +, and the odd 
power of a — quantity is - , it must follow that the odd root 
of a + quantity is +, and the odd root of a — quantity is — . 

146. Since the even powers of both + and - quantities 
are +, there can be no quantity with the sign — which is an 
even power, and no even root of such a quantity can be ex- 
tracted. 
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146. A M&at is indicated by means of the sign j/, called 
the radical sign. The number of the root is shown by a small 
figure in it. Thus, l?a means the 6th root of a, and is so 
read. Vx means the cube root of x. In indicating the square 
root, the figure 2 is generally omitted from the radical sign. 
Thus, V9 indicates the square root of 9. Sometimes the in- 
dicated root can be taken, and sometimes it cannot. Thus, 
V8 = 3 and ifc? = x*, but in the expressions Vx, or l?'6, the 
indicated root cannot be found. 

The indicated root of a quantity is called a radical quan- 
tity* or simply a radical. 

The small figure indicating the number, or degree, as it is 
usually called, of the root is called the index. The plural 
of this is indices. 

147. From these discussions we derive, for the extraction 
of roots of monomials^ the following general 

Mule. — I. Find the root of the coefficient as in Arithmetic, 

II. Find the root of the literal part by dividing the exponent 
of each letter by the index of the root. 

Ill The even root of any quantity has the double sign =fc. 
The odd root of a positive quantity has the sign +. The odd. 
root of a negative quantity lias the. sign — . 

Give the roots indicated in the following : 

MENTAL EXBRCISB. 
Nom— Be careful, on taking an even root, to give the sign «t. 

1. V9. " 6. T^lS^F. 



2. V¥a\ 7. VSTcFxY. 

3. VSx*. 8. t - 27 c*d V. 

4. *Sy. 9. l?32aJV.. 

5. f - m 1 V 5 . 10. 1^8 a*W. 
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SECTION LXV. 
SQUARE ROOT OF POLYNOMIALS. 

148. Extract the square root of x 2 + 2 xy + y*. 

Solution. We can tell at a glance that the required root 
is x + y. But we .wish to find some method for getting x + y 
which we can apply to cases in which we cannot tell at once 
what the root is. Theorems I. and II. are, The square of the 
sum or difference of two quantities is equal to the square of the 
fir st y =t twice the product of the first and second, + the square of 
the second. Therefore we first take the square root of the first 
term to find the first term of the root ; and since the second 
term in the power is twice the product of the first and second 
quantities, we divide the second term by twice the first root. 
This gives us the second term of the root. 

The work is as follows : 

x 2 + 2 xy + i/ 2 | x + y 

a? 

2x + y) 2xy + y 2 

In order to see whether the root comes out exactly, we add 
the second quantity, y, to the trial divisor 2 x, and multiply 
the whole divisor thus formed by y, and subtract from the 
first remainder. 

The same operation may be continued if the root has more 
than two terms. 

149. The following rule, derived from the above work, is 
very nearly like the ordinary rule for finding the square root 
of numbers : 

Rule. — L Arrange the terms regularly with reference to the 
powers of one of the letters, as for division. 

17 N 
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m 

II. Take the square root of the first term, for the first term of 
the root. Square this, and subtract from ike quantity. 

III. Take twice the root already found for a trial divisor, 
divide its first term into the first term of the remainder, and 
write the result as the next term of the root. Annex it also 
to the trial divisor ; multiply the completed divisor by the last 
term of the root, and subtract from the last remainder. 

m 

IV. Repeat the preceding operation till there is no remainder, 
or a remainder into the first term of which the first term of the 
trial divisor is not exactly contained; in the latter case there is 
no exact root. 

Ex. Extract the square root of x 4 - 4 x 8 + 10 x 2 - 12 x + 9. 

OPERATION. 

Boot 

a? - 4a? + 10a? - 12a; + 9 | a?-2x + 3 

_a? 

2s 2 -2s; - 4a? + 10a?-12a; + 9 

— 4 a? + 4a? 

2a? - 4a; + Z) 6a? - 12a; + 9 

6a? -12a; + 9 

Extract the square root of the following polynomials : 

WRITTEN EXAMPLES. 

1. a? — 2xy + y". 

2. 9a* + 24a + 16. 

3. <? - 10cd + 25cP. 

4. a V - 4 ax + 4. 

5. a 6 + 2a 6 + 3a* + 2a 8 + a*. 

6. x 4 + 4x 8 + 2x* - 4x + l. 

7. a 4 - 4 a 8 + 4 a 2 + 2 a 2 x - 4 ax + xl 

8. 6 8 -46 4 + 66 8 + 46 2 -126 + 9. 

9. a* - 2a*x - aV + 2aa? + x 4 . 
10. 25x* - 20a? + 34x 2 - 12x + 9. 
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Note. — Be careful to arrange correctly the terms of the following 
polynomials : 

11. a? + y* + *? + 2xy - 2xz - 2yz. 

12. & + <F + m* + 2 <ai + 2 dm + 2 cm. 

13. a 4 + 7aV + a?- eofa + eaa?. 

14. aV + 2 a'sy + ay + 2 asy* + 2 mf + #*. 

15. x 6 - 4a? + 10a? - 16s 8 + 17a? - 12s + 4. 



SECTION LXVI. 

PURE QUADRATIC EQUATIONS. 

150. Equations, any term of which contains the square of 
one unknown quantity or the product of two unknown quan- 
tities, are called equations of the second degree, or quad- 
ratic equations. 

Thus, 3a? - xy = 11, 5«? = 45, and a? - 6x - 7 are 
quadratic equations. 

Quadratic equations like 3 a? — xy = 11 and 5 a? « 45, in 
which all the terms containing unknown quantities are of the 
second degree, are called incomplete, or pure, quadratic 
equations. 

151. Given a? — 16, to find the value of x. 

If two quantities are equal, their square roots must also be 
equal. Therefore the square root of a? must equal the square 
root of 16. Now, we found in Art. 143 that the square root 
of any quantity might have either a + or a - sign, and there- 
fore the double sign =t was affixed to square roots. This 
would give us =*= x — =*= 4 (read plus or minus x equals plus 
or minus 4). 
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As we only care to know the value of + x, or x, we do not 
use the sign - as applied to the x, and simply write 

which is the same as x — + 4, 

a- -4. 

Proof. Substituting + 4 in the first equation, we have 

16 = 16. 
Substituting — 4, we have 16 = 16. 

. Ex. Given 4 x* = 2 x* + 18, to find x. 

Transposing, we have 4 a? — 2sc 2 «= 18. 
Collecting, 2 x 2 - 18. 

Dividing by 2, x 2 = 9. 

Taking the square root of both members, we find 

x - ± 3. 

JVoo/*. Substituting in the first equation, we have 

36 = 18 + 18. 

Rule. — Find the value of the square of the unknown quan- 
tity, and then extract the square root of both members. 

Note. — Remember to use the sign =*= when extracting the square 
root of the second members. 

Solve the following equations : 

MENTAL EXERCISE. 

1. x 2 = 25. 4. 3 x % = 300. 

2. 2y* = 8. 5. 6s 2 = 6. 

3. by 2 = 45. 6. 2s 2 = 32. 

WRITTEN EXAMPLES. 

1. 2z 2 - 125 - Sx\ 3. 7x* + 2 = 5x* + 100. 

2. 10 + 5x 2 = 4<c 2 + 110. 4. 5x 2 - 22 = 3s 2 + 140. 
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Note. — In the following example the term Ay is contained in both 
members of the equation ; it may be cancelled out in each, leaving 
3y* - 20 - 2y\ 

5. 3y* + 4y - 20- 2^ + 4y. 

6. 22/* -27 = 73-2^. 

7. ic 2 -6x-3(9-2a;) + 22. 

8. 2x(3x - 12) = x(4x - 24) + 200. 

9. (i4-2)(x + 3) «42 + 5x. 

10. x(2x + 4) - 28 - 100 + 4x. 

11 36 

11. x = — . 

x 

12 .4* + 2 = 2£±!i. 

X 

io - 135 -20y 

13. 5y-— -«. 

3y- 4 

14. (x + 2) (x - 3) + 2x(x - 3) - (x - 5) (x - 2) + 56. 

1BL (« + *)(« + 8)-7g 
2x + 6 

16. (2x - 3)* = (x - 8) (x - 4) + 4. 

17. (x + 4) (x + 2) = 3(x + l) 2 - 3. 
x 4 



18. 



19. 



x + 9 x + 4 
x + 8 [ 



2x + 3 x - 2 



20. -^- + __ - 8. 
1 + x 1 - x 

17* 



21. 


X x H 

1 + A " L 

x + 1 x+4 


22. 


4 4 1 

x- 3 x + 3 3 


23. 


x 4 x 9 

- + - = - + -. 

4 x 9 x 
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SECTION LXVII. 

SOLUTION OF EQUATIONS CONTAINING THE 

DOUBLE SIGN. 

152. Equations sometimes occur in the following form, in 
which the coefficients of both x and y are equal. 

These can be very conveniently solved by both addition and 
subtraction : 

x + y = 9 

g- y - 3 

Adding, 2x =12 

Dividing by 2, we find x =6 

Subtracting the members of the 

first two equations, 2 y = 6 

Dividing by 2, we find y = 3 

Proof. 6 + 3 = 9, 

6-3 = 3. 

It will be noticed that in the above equations the value of x 
equals one half the mm of the numbers in the second mem- 
bers of the equation, and that y equals one half the difference 
of these numbers. 

Give the values of x and y in the following pairs of equa- 
tions : 

MENTAL EXERCISE. 

*' \z- y- 2) U-2y-5J 

gf. + y-lS) ' 4 (Sa + y-ll) 

U-y- 3J Ux-y- 7J 
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153. Equations sometimes reduce to the following form : 

x + y = =4= 6, 
x - y « 2. 

Solution. The first equation is read x + y equals plus or 
minus 6. It really stands for two equations, 

x + y - 6 and x + y = - 6. 

Taking x — y =* 2 with each of these equations gives two 
sets of equations, which may be solved separately or at the 
same time. This is shown in the following operation: 

Taking the Taking the Combining the two 

sign + . sign — . operations in one. 

X + y = 61x + y 6) a; + y = ± 6) 

x - y - 2) x-y- 2) x-y = 2) 

Adding, 2x « 8 2x 4 2x = 8, or - 4. 

Dividing by 2, x = 4 a; = ~ 2 a? — 4, or — 2. 

Subtracting, 2 y = 4 2y = - 8 2y = 4, or - 8. 

Dividing by 2, y = 2 y — — 4 y - 2, or — 4. 

The two pairs « = 4) or a; = - 2 1 z = 4, or - 2 ) 

of values are : y = 2 ) y = - 4 J y = 2, or - 4 J 

JFVoo/. 4 + 2 = 6 - 2 - 4 = - 6 

4-2 = 2 - 2 + 4 - 2 

The third column shows the method usually followed. The 
meaning of the double operations there performed can easily 
be seen by comparing it with the other two columns. 

Since in the first columns we found x = 4 and y = 2, and in 
the second x = — 2 and y = — 4, the values in the third col- 
umn must be taken in the same way. That is, we have x — 4 
and y = 2, or a; =- — 2 and y = — 4. The first values, which 
result from taking the + part of the double sign, make one set, 
and the second values,* which result from using the — sign, 
make the other. If the values be taken x = 4 and y - - 4, I* 

they will not prove when substituted in the original equations. 
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Solve the following pairs of equations : 

MENTAL AND WRITTEN EXAMPLES. 

. fa+y- =4=11) o U + y- ±121 

Ms-y= 3T U-y- 8J* 

o |*+2/= 81 4 |*+8y- 15) 

* U-y- Mi' U-Sy- ± 8J" 

154. Sometimes the sign =*= is found in both equations. 

Ex. Solve x + y = ± 10, 

a? - y -= =*= 4. 

Solution. As either the + or — sign in each equation 
may be used, there are four ways in which they may be taken : 

x + y - + 10 1 or - 10 1 or + 10 1 or - 10 1 

x-y = + 4) - 4) - 43 + 4) ' 

Being all expressed by x + y = =*= 10 1 

x — y = =4= 4) 

Adding, 2x «= 14 or - 14 or 6 or - 6, 

Dividing by 2, x — 7 or - 7 or 3 or - 3, 

Being all expressed by 2 a; = =t 14 or ± 6, 

x - ± 7 or ± 3. 
Subtracting, 2y — 6 or - 6 or 14 or - 4, 

Dividing by 2, y = 3 or - 3 or 7 or - 7, 

Being all expressed by 2 t/ — =*= 6 or ± 14, 

y = ± 3 or ± 7. 
The four pairs of values are — 



and 



a: = 7 ) or a; = -7)ora; = 3)ora;= ""81 
y -8) 2/--3J 2/ = 7J y--7J' 



Being all expressed by £ = =±= 7 or ± 3 ) 

y « ± 3 or ± 7 ) " 
Proof. 

7 + 3 = +10, -7-3- -10, +3 + 7 = +10, -3-7--10. 

7 - 3 - + 4, - 7 + 3 = - 4, + 3 - 7 = - 4, - 3 + 7 - + 4. 
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The last column gives the usual method of work. The 
others show the meaning of the double signs used in the last, 
and also how the four pairs of values are to be taken. 

It will be observed that the values of x would have been 
found if, on adding the members of the first two equations, 
the second members had been first added and then subtracted, 
and the double sign affixed to .both results ; and that the value 
of y would have been found if, on subtracting, the second 
members had been first subtracted and then added, and the 
double sign affixed to both results. 

Solve the following pairs of equations : 

MENTAi AND WRITTEN EXAMPLES. 

Jx + y = =±= 9 1 o (3x + y - ± 18) 

o \x+2y = ±16) 4 f*+y- ±27) 

' U-2y- ± 4T ** U-y- ilST 



SECTION LXVIII. 

PURE QUADRATIC EQUATIONS CONTAINING 
TWO UNKNOWN QUANTITIES. 

155. In solving quadratic equations it is very often neces- 
sary to extract the square root of trinomial expressions, like 
x 2 + 2 xy + y*, or 4 x* + 12 x + 9, which are the squares of 
binomials. 

It is important that the student should be able to recognize 
trinomials that have exact roots, and to give at once the roots 
of such as have them. 

The use of Theorems I. and II. in factoring has given us 
the desired method, which is here repeated : 
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If a trinomial is a perfect square, dividing twice the square 
root of the first term into the second term, and squaring the 
result, will give the third term. 

The square root of the first term will be the first term of the 
binomial root; the square root of the third term will be the 
second term, and the connecting sign will be the same as the sign 
of the second term of the trinomial. 

Ex. Is a* + 4ax + 4x 2 a perfect square? 

Solution. The square root of the first term is a. Twice 
this, or 2 a, divided into the second term, gives 2 x, and the 
square of this is 4x 2 , which is the third term. Hence, the 
trinomial is a perfect square, and is the square of a + 2 x. 

Tell which of the following trinomials are perfect squares, 
and give the square roots of those which are : 

MENTAL EXERCISE. 

1. a 2 + 2ab + b\ 9. x 2 - 18x + 81. 

2. a 2 + 8o + 16. 10. x 2 - lOx - 25. 

3. x 7 - 4xy - 4y*. 11. x 2 + 14x + 49. 

4. x 2 + 4xy + *y 2 * 12. x 2 + |x + ^-. 

5. 4X 2 + Sxy + 4y 2 . 13. 4x 2 + 4xy + y*. 

6. 9x 2 + 12x + 16. 14. 4X 2 - 12xy + 9jA 

7. x 2 -6x + 9. 15. f - 5y + y. 

8. x 2 + 8x + 16. 16. x 2 + z + \. 

156. We have before seen how the values of x and y may 
be found when we know the values of x + y and x — y. It is 
often the shortest way of solving equations to find, first, the 
values of x + y and x — y, and then the values of x and y 
from these. We will now show some of the methods by which 
the values of x + y and x - y may be determined from cer- 
tain kinds of equations. 
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Ex. Ha? + 2xy + y 2 = 49, what does x + y equal? 

Solution. Taking the square root of both members, we have 

s + y - =*= 7. 

Ex. If a? - y 2 = 15, 

and x - y = 3, what does a? + y equal? 

Solution. Dividing x 2 - y 2 by x - y, we have a? + y, and, 
dividing 15 by 3, we have 5. But since the divisors and divi- 
dends were equal in each division, the quotients must also be 
equal. Hence, x + y = 5. The operation would be called di- 
viding the members of the first equation by those of the second. 

This operation may often be used to simplify an equation. 

MENTAL EXBBCISB. 
Note.— Be careful to use the double sign on taking the square root 

1. If x 2 - 2xy + y 2 = 25, what is the value of x - y? 

2. If x 2 + y 2 - 34, 

and 2 xy = 30, what does x 2 + 2 xy + y 2 equal ? 

3. If x* + 2xy +.y 2 = 49, what does x + y equal? 

4. If x 9 + y 2 = 34, 

and 2xy = 30, what does x 2 - 2xy + y 2 equal? 

5. If x 2 - 2xy + y 2 = 16, what does x - y equal? 

6. If a? -I/ 2 -16, 

and x ■ + y — 8, what does a; - y equal ? 

7. If x 2 + y 2 = 10, 

and xy = 3, what does x 2 + 2 xy + y 2 equal? 

8. What does a? - 2 xy + y 2 equal ? 

9. If x 2 + 2xy + y" - 49, 

and x 2 + y 2 ^ 37, what does 2xy equal? 

10. If x 2 + xy - 24, 

and xy + y 2 = 12, what does x 2 + 2xy + y 2 equal? 

11. If x 2 + 2xy + y 2 = 36, what does x + y equal ? 
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12. If x* + xy - 24, 

and x + y — 6, what does x equal ? 

Suggestion. — Divide the members of the first equation by those of 
the second. 

13. If xy + y> - 12, 

and x + y — 6, what is the value of 2/ ? 

14 If X s + 2/* = 2xy, what does x 2 - 2xy + 2/* equal? 

15. If x 2 - 2x2/ + y 1 = 0, what does x - y equal? 

16. If x* + 2x2/ + 2/ a - 36, 

and 4 xy = 32, what does x* - 2 X2/ + y* equal ? 

17. What must be subtracted from x 2 + 6 xy + 9 y 2 f the square 
of x + 3 y, to get x 2 — 6 X2/ + 9 y*, the square of x — 3 y ? 

18. If 4x 2 + 4x2/ + y 2 - 49, 

and xy = 6, what does 4x 2 — 4xy + y* equal? 

19. If x 2 + 6x2/ + 9y* - 64, 

and xt/ = 5, what will the square of x - 3y 

cq'.al ? 

157. The following equations are intended to be solved by 
first finding the values of x + y and x — y. This will generally 
be done by finding the value of x 2 + 2xy + y 2 or x 2 — 2 xy + 2/ 2 , 
and then taking the square root. 

The student must use his ingenuity in combining the equa- 
tions by addition, subtraction, or division, so as to produce the 
desired result by the simplest process. 

Solve the following pairs of equations : 

WRITTEN EXAMPLES. 

1 f x + y -7) q fx' + 2x2/ + 2/ 8 «121) 

* lx 2 -2x2/ + 2/ 2 = 25i '1 4x2/ -112 3 

Ix - y - 1) 1 xy = 15) 
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5 fx» + y* = 10) 10 1^ + 4^ + 4^ -86) 

6 f a;' + a^ + y* = 39.) n j3z+2/ = 15) 
'1 x- y - Si ' \ as/ = 12) 

• 7 frf + sy-21) 

B.i*-y-n. lzJ^ + v-y-u} 

M a*-*/ 2 =24 J 14 * U -2/ « 2 J 




SECTION LXIX. 

PROBLEMS PRODUCING PURE QUADRATIC 

EQUATIONS. 

1. A mason builds a wall at a certain number of dollars 
per yard, the number of yards being 6 more than the dollars 
per yard for building. He also builds another wall 6 yards 
long at the same price per yard, receiving SI 00 less for it 
than for the other. How much per yard did the walls cost ? 

Suggestion. — Let x = the number of dollars per yard. Then 
x + 6 = number of yards in first wall. Find expression for cost of 
second wall. Then the difference of cost will equal $100. 

2. A person bought a field, paying 3 times as much per 
acre as the field contained acres. He then sold \ of the field 
for f of the price per acre he paid for it. The remaining part 
thus cost him $640. How many acres did the field contain, 
and how much per acre did he pay for it? 

Suggestion. — Let x = number of acres in the field. Find expres- 
sions for price per acre, cost of whole, number of acres sold, price per 
acre of part sold, and whole price received for part sold. 
18 
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3. A man has two square fields ad- 
joining each other ; the two together 
contain 100 square rods, and the 
length of their two sides, from A to 
B, is 14 rods. What are the lengths 
of the sides of each ? 

4. A man has a square plot of ground, from 
one corner of which he cuts a square field, so 
as to leave him 95 square rods, and make the 
distance from A to B, 5 rods. What are the 
dimensions of the two* Squares ? 

5. A rectangular piece of ground contains 
640 square yards, and its two adjacent sides, 
AB and DC, are together 52 yards long. 
What are its dimensions? 

6. A man has material for 260 feet of fence, and.wishes to en- 
close with it 3000 square feet in the form of a rectangle. What 
should be the sides ? 

7. A carpenter agrees to build a fence for $48. But the 
proprietor decides to shorten the length 2 rods, and to pay $2 
more per rod, the fence thus costing him $60. What was the 
length and what the cost per rod of the fence ? 

Suggestion. — Let x represent the length, and y the price per rod 
first agreed upon ; then x — 2 and y + 2 represent the length and price 
actually decided upon. 

8. A rectangular field contains 108 square rods, and the 
diagonal, A C, is 15 rods. What are the lengths of the sides? 

Suggestion. — From the property of the rightrangled triangle, ACB, 
the square of A C is equal to the sum of the squares of AB and EC. 

9. A person purchased a piece of dry goods, paying for it 
as many cents a yard as there were yards. He then pur- 
chased another piece, containing 4 yards less than the first, 
and costing 4 cents a yard more. The two together cost $1.84 
What were the yards and price of each piece ? 
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SECTION LXX. 

ADFECTED QUADRATIC EQUATIONS. 

158. Quadratic equations which contain both first and 
second powers of one unknown quantity are called Adfected 
Quadratic Equations. 

As, a^ + 8a; = 9, orx* + 5a; = 3X + 4X 2 - 28. 

Such equations can often be reduced to the first degree by 
taking the square root of both members. Thus, if we have 

X s + 4 x + 4 - 49. 

Taking the square root of both 

members, x + 2 « =*= 7. 

Transposing, using first the + sign, 

and then the - sign, x = — 2 + 7, or — 2 — 7. 

Collecting, we find x = 5, or — 9. 

Ex. Given x 2 — 6x + 9«4, to find the values of x. 

Solution. Taking the square root of both members, 

x - 3 = ±2. 
Transposing, x = 3 + 2, or 3 - 2. 

Collecting, we find x — 5, or 1. 

It is usual to transpose and collect at one operation, and it 
is important to be able to do it readily and accurately. 

Give the two values of x in each of the following equations : 

MENTAL EXERCISE. 

1. x - 4 . =t 2. 6. x + 4 - =*= 10. 

ia; + 3-±5. 7. x + 5 = ± 3. 

3. x + 8 - ±3. 8. a- 8 - ±1. 

4. 3 - 9 = ± 5. 9. x - l - ± 8. 

5. x - 10 - ± 1. 10. x + 3 - ± 2. 
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159. To find whether we can take the square root, of the 
first member of such an equation as 

x 2 - 6a; + 9 - 36, 

we proceed as in Art. 159. Divide twice the square root of 
the first term into the second, and the square of the result 
should be. the third term. 

MENTAL EXERCISE. 

Tell which of the following equations can be reduced by 
taking the square root of the members, and perform the 
operation when possible: 

1. x 2 - 2x + 1 - 25. 5. x 2 + 4s + 16 = 36. 

2. x* - 8 x + 16 = 49. 6. x 2 + x + i = f . 

3. x' 1 - 7x + *£ - V-. 7. x 2 - 9x + 9 - 49. 

4. x 2 - 9x + *£ - i%k 8. x 2 + Sx + 16 = 81. 

9. In the equation x 2 - 6x + 4 «■ 11, what ought the third 
term to be in order that the first member should be a perfect 
square ? 

10. What number must be added to each member of the 
equation x 2 — 8 x + 12 = 21 to make the first member a 
perfect square ? and what would the equation become if it 
were added? 

11. In the equation x 2 + 4tx = 5, what third term is wanted 
to make the first member a perfect square ? 

12. In the equation x 2 — Sx = 20, what third term is 
wanted ? and what will the equation become after it is added 
to both members ? 

13. If a quantity be added to one member of an equation, 
why must it be added to the other also ? 

14. In the equation x 2 + 12 a; = 13, what third term is 
required to make the first member a perfect square? and 
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what win the equation become after it is added to both 
members? 

Add to both members of the following equations the number 
which will make the first member of each a perfect square : 

MKNTAIj exjskcisb. 

1. x* + 6* - 40. 5. x* + 3« - <*yk 

2. 9«*-6sc=8. 6.. a? + a;-J£. 

3. a? - 12* - - 11. 7. 25s» + 20* - 12. 

4. 7? + 4* ~ 12. 8. 16*« + 24* - 27. 



SECTION LXXI. 

SOLUTION OF ADFECTED QUADRATIC 

EQUATIONS. 

160. The foregoing operation of making the first member 
of an adfected quadratic equation a perfect square is called 
completing the square. 

Ex. Given a? + 6 * « 40,- to find the value of x. 

Solution. Completing the square by adding 9 to each 
member, we have 

s» + 6s + 9 -49. 

Extracting the square root of both members, 

* + 3 - ± 7. 

Transposing and collecting, we find 

x - 4 or - 10. 

Proof. Substituting these values in the first equation, we 

nave 

16 + 24-40, 

or, 100 - 60 - 40. 
18* 
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Rule* — Add to both members the number which will complete 
the equate of the first member ; extract the square root of both 
members, and transpose, collect, and reduce. 

Solve the following equations : 

WRITTEN EXAMPLES. 

1. x* + 2x « 8. 6. Ax 2 - 12a; 8. 

2. x 2 + 2x = f. 7. 9a? + 6s - 15. 

3. 7? - 10a; - 24. 8. 16a* - 24a; - 40. 

4. a? - 10x 16. 9. a;* + g - 12. 

5. t? + 6a; - 7. 10. a? + 3a; = 18. 

161. If x* has a coefficient, as in the equation 

3a* -4a; -7, 

the first term may be made a perfect square either by dividing 
both members by 3, obtaining 

or, by multiplying by 3, obtaining 

9a?- 12* -21. 

Both of these equations can .be solved by the preceding 
method. 

Note. — An adfected quadratic equation is in its general form when 
the terms containing x 2 and x, and those not containing x, are collected 
and arranged as in the above examples. 

162. From the preceding operations we derive, for solving 
Adfected Quadratic Equations, the following 

Mule. — I. Arrange the terms in the general form, and make 
the first term a square by multiplying or dividing each term of 
the equation by the coefficient of the first term. 

II. Complete the square by dividing twice ike square root of 
the first term into the second, and adding the square of the result 
to both members of the equation. 
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HI. Take the square root of both members, giving the root of 
the second member the double sign =J=, and solve as in simple 
equations. 

IV. Prove the result by substituting each value in the original 
equation. 

Note. — When necessary, equations must be cleared of fractions, and 
indicated operations performed. 

Solve the following equations : 



WRITTEN EXAMPLES. 

1. a* -6a; = 72. 

2. z 2 +12a; - 28. 

3. 2a* + 20s = 48. 

4. x 2 + 5 x = 14. 

5. x 3 - 16a; = 80. 



13. 


X* - X X* 

2 4 


14. 


3x»-16x = 12. 


15. 


2* 6- 15 + a l 



2x- 6 
21 • 



6. <x? + 4x 3. 16. x - 5 - 

7. 16a; 2 + 32a; = 33. n rt 

ir _ 2a; 2 a; . 4 

8. 4* + 4* -8. 17 -~3 ""3 = 2 + 1 "; 

9. x 2 - s = 30. 18# Qx 2 _ ibs - - 6. 

10. a? + x = 12. 4 , r 

11. (a; -4) (a; + 3) - -6. X 2a;" 

li*-12--**. 20. X + B * 



x 8 a;- 3 

163. If we take an equation like 3 a;* — 8 x = 3, 

and make the first term a square by 

multiplying each term by 3, 9 x 2 — 24 x =9, 

and complete the square by adding 

16 to both members, we have 9 x 2 - 24 a; + 16 « 25. 
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It will be observed that the quantity, 16, added to each 
member to complete the square, is the square of '4, which is 
half the original coefficient of x. Likewise in every case, if 
we multiply each term by the coefficient of x*, the quantity to 
be added to complete the square is the square of half the 
original coefficient of x. 

For completing the square we have the following con- 
venient 

Mule. — Multiply each term hy the coefficient of a?, and add to 
each member the square of half the original coefficient of x. 

Note. — Where the coefficient of z* is 1, the multiplication may be 
omitted. 

Ex. Given 5 x 2 - 6 x — 8, to find x. 

Solution. Multiplying by 5, we have 25 a? — 30 « ~ 40. 

Adding 9, which is the square of \ of 6, 

25s 2 - 30s + 9 -49. 

We will find, on applying the test, that the first member is 
now a perfect square. 

Ex. Given 6 x 2 + 5 x =- ■$, to find x. 
Multiplying by 6, 36 x 2 .+ 30 a; = 14. 

Completing the square 

by adding the square 

of i or ^, 36a;* + 30a; + ^ - *f. 

Taking the square root, 6 x + f - =*= f . 
Transposing, 6a; = -f + f, or -f — $. 

Collecting, 6 x — 2, or -7. 

Dividing by 6, x = J, or - £. 

Proof Substituting these values in the first equation, 

¥ - ¥ - * 
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Solve the following equations by this method : 



WRITTEN 

1. Sx*-8x 5. 

2. 2s* + 7a; -39. 

3. z a + 4s = 45. 

4. 8x 2 -s.= i. 

5. x(bx- 8) = 4. 

6. 7s* -4* = 51. 

7. 3s J + 3a; = 6. 

8. x{x - 6) = 7. 

x x + 3 



EXAMPLES. 

^ A a; 5a; + l e 

10. + — = 5. 

x -2 b+3 

11. 4a; - ^i^ = 14 

a; + 1 

12. ?— ^ - 1 - x. 



13. x 2 - 3z 



a* + 4 



14. 5^-8a?« - f 

15. 6« a = 5(5-x). 



SECTION LXXII. 



PROBLEMS PRODUCING QUADRATIC 

EQUATIONS. 

1. A rectangular piece of ground is 4 rods longer than 
it is wide, and contains 60 square rods* What are its length 
and breadth ? 

2. A gentleman has a garden 50 yards 
long and 30 yards wide. He wishes to 
make a drive around two of the adjoin- 
ing sides which will occupy J of the 
ground. How wide must the drive be ? 

3. A lady purchased for $3.20 a piece of muslin, which cost 
as many cents per yard as 4 less than the number of yards in 
the piece. What was the number of yards, and what the 
price per yard? 
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4. i A certain number of gentlemen agree to contribute equal 
parts of $240 ; but two having withdrawn, the share of each 
was increased $6. How many gentlemen were there at first ? 

5. At a New Year's party every person gave a present to 
every other person, and there were 72 presents given. How 
many persons were there ? 

Suggestion. — If there were x people, find number of presents each 
gave. 

6. A boat sails up stream 24 miles, and returns at a rate 2 
miles per hour faster, occupying 1 hour less than was used in 
going. What were the rates of sailing ? 

7. A man walks 36 miles one day, and returns the next, 
walking 1 mile an hour slower and occupying 3 hours more. 
At what rates did he walk ? 

8. The members of a class desired to exchange photographs, 
and found that it would take 56 photographs. How many 
were in the class? 

9. A man can do a piece of work in a certain number of 
hours, and his son in 8 hours longer. Both together can com- 
plete the work in 3 hours. In how many hours could each do 
the work ? 

10. It will take B 4 days longer to do a piece of work than 
A. A works at it 3 days, and then B finishes it in 5 days. 
In what time could each have done it alone? 

11. A person intended to distribute 72 cents among a party 
of children, but the number of children being increased by 2, 
each child received 3 cents less than it would have received. 
How many children were there at first? 

12. A man had to ride 20 miles in 4 hours. He rode half 
the distance at one rate, -f of the remainder at 2 miles an hour 
faster, and the remaining distance at double his first rate, ar- 
riving at his destination just at the end of his time. At what 
rates did he travel ? 



REDUCTION OF RADICALS. 215 



SECTION LXXIII. 
REDUCTION OF RADICALS. 

164. The lowest ten square numbers are 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 

The lowest five cubic numbers are 

1, 8, 27, 64, 125. 

The student should be thoroughly familiar with these, should 
be able to give the lists forward or backward, or tell which 
number precedes or follows any given one, and should know 
the numbers which are their roots. 

Give the powers and roots indicated in the following ex- 
pressions : 

MENTAL EXERCISE. 

1. (4az) a . 7. 1^. 

2. (9zY) 2 . 8. l^W 5 . 

3. (a 2 6V) 4 . 9. 1/473*: 

4. (cW) 8 . 10. VWwW. 

5. Vtttf. 11. 1/49 a V. 

6. 1/9WT 12. 1^8 a Vtf • 

» 

165. The expression 3 Vi means, and is read, 3 times the 
square root of 4. The square root of 4 being 2, its value is 3 
times 2, or 6. 

The expression 5 V 27 a 8 means, and is read, 5 times the cube 
root of 27 a\ The cube root of 27 a 3 being 3 a, its value is 5 
times 3 a, or 15 a. 
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In the same way find the values of the following expressions : 





MENTAL EXEBCISE. 


1. 4V& 


7. 4|/5?T 


2. 71/25. 


8. SaxVitf. 


3. 8i/i: 


9. 36 W 


4 51*8: 


10. 5xyl/16xy. 


5. iVaF. 


11. 3 a' 1^9 a*. 


6. dV^T 


12. ZxVtftf. 



166. Multiplication is often indicated by a dot. Thus, 
2.4.6 means the same as 2 x 4 x 6. The -dot occupies less 
space, and may be used in all cases instead of the sign x , ex- 
cept between two numbers, as 6 . 8, where it may be mistaken 
for a decimal point. 

The expression Vi . l/9 means, and is read, the square root 
of 4 times the square root of 9. This is evidently the same 
as 2 times 3, or 6. 

The expression 3 V25 . Vi means, and is read, 3 times the 
square root of 25 times the square root of 4. It k equal 
to 3 . 5 . 2, or 30. 

Find the values of the following expressions : 

MENTAL EXERCISE. 

1. i/i.l/49. ' 4. 2fg. fW. 

2. 2VT6 . vU 5. 51/40*. V&. 

3. 4Va* . Vtf. 6. 31^277". tt. 

167. Ex. What is the square root of 7 ? 

Solution. We know that no exact number multiplied by 
itself will give 7. We must therefore indicate the root by the 
radical sign ; thus, l/7, read, the square, root of 7. So we 
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indicate the square root of a by V5, and the cube root of 
Sax by VWale. 

Ex. What is the value of 3 Vi . V7 ? 

Solution. The square root of 4 is 2. We cannot take the 
square root of 7. Therefore, 3 V3 . V7 - 3 . 2 . V7 - 6 V7. 

Ex. What is the simplest form for the expression 
5V4-rf.VS~x? * 

Solution. 6 V3~c? . V3i -5.2a. V3s - 10 aVWx. 
Find the simplest form for the following expressions : 

MENTAL EXERCISE. 

1. 3V9. VT5. 5. 3feV4?. VL 

2. 61/39. VS. 6. layVW^. Vy. 
3.8Vl?.l/5. 7. 2cdV25cF. Vc. 

4. axVV.Vy. 8. 7 6 s VI67? . VWxy. 

168. The expression Vi . V5 is equal to V31T9, or VS6. 
For VI. V9 = 2 x 3 - 6, and V36 - 6. 

So the expression 1/V . ^S 5 is equal to -fcFxV - ^o 3 ?. 
For V&.V& = a.b = aft, and lkW - oft. 
In the same way, Vc? . V? = VoV ; and therefore, VaV 
- Vc?. V?, and V9^ - V9. Vjp- 

Principle. Any quantity under the radical sign may be 
factored, and the radical sign placed over each factor. 

Illustration. V4a - Vi. Va « 2V5; 
VIS - V91T2 = V9. V^ = 3V2; 

and 5 VI2 - 5 V41TB = 5V4. VB = 5 . 2 . VS * 10 VS. 

19 
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Thus it is possible to take the indicated root of some factor 
of a quantity when we cannot take the root of the whole 
quantity. 

That this may be done readily, it is important to be able 
to recognize square and cubic factors, and others of higher 
power. 

If the student is perfectly familiar with the list of square 
and cubic numbers given at the beginning of this section, 
there will be no difficulty in finding the largest square or 
cubic factor in any ordinary given number. Thus, the largest 
square factor of 12 is 4, of 75 is 25, and of 18 is 9. The 
largest cubic factor of 16 is 8, and of 54 is 27. 

We can take a root of any power of a letter into which the 
index of the root will go. Thus, we can take the square root 
a 2 , a 4 , a 6 , etc. ; the cube root of a 8 , a 6 , a 9 , etc. ; the 4th root 
of a 4 , a 8 , a", etc. 

The largest square factor of a 8 is a*, a being the other 
factor. 

The largest square factor of x 1 is x 9 . 

The largest 4th-power factor of a 11 is a 8 , a 8 being the other 
factor. 

In each of the following expressions give the two factors, of 
which one is the largest square factor : 

MENTAL EXERCISE. 

1. 20. 5. a\ 9. 9«V. 

2. 50. 6. aV. 10. 28ay. 

3. 64. 7. a 5 x\ 11. 456 8 c. 

4. 300. 8. ax*y\ 12. lOSaVx/ 

Note. — The required factors of } would be \ and 3 ; of | would be $ 
and 2. 

13. I 15. if 17. &. 

14- f 16. Jf 18. |f 
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For each of the following expressions give two factors, of 
which one is the largest cubic factor: 

MENTAL EXERCISE. 

1. 16. 3. 80s 5 . 5. 250styV. 

2. 108. 4. 27c 4 d». 6. 48a6V. 

169. By factoring in this way, the radical part of an ex- 
pression may often be made more simple. 

Ex. Simplify the expression 1/T8. 

Solution. We observe that 18 has a square factor, 9; 
therefore, VI 8 = V$V2 - V9.V2 = 3l/2. 

Ex. Simplify the expression 3 ^HS 1 , 

Solution. We observe that 24 aV has a cubic factor, 
8 a 3 ; therefore, 3^24a^ a - 3l/"8a 3 x 30X 2 = 3^8^. l/"3a? 
— 6 a 1/3 ax\ 

A radical that has all the possible roots taken of its factors 
is said to be in its simplest form. 

Utile. — Find the greatest square, or cubic, factor, according 
as the indicated root is square or cube, and take the root of that 
factor, indicating the root of the other factor as before. 

Keduce the following radicals to their simplest forms : 

MENTAL EXERCISE. 



1. VK 


6. Va 2 x. 


11. 1/aV. 


2. v!8. 


7. Vxff. 

8. 3al/aV. 


12. 4i 8/ 8^ J . 


3. 2V50. 


13. 7 ay V75 aV. 


4. 51/28. 


9. SbVEPy. 


14. 8^27*y. 


5. 31/32. 


10. 2 x 1/20 x\ 


15. ZV\§xy\ 
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16. 5^52. 22. xyViOOax*. 28. 2l/j|. 

17. 4V72. 23. 6i/54o*?^. 29. 3vH- 

18. 2aVWcfl>. 24. 31^16^. 30. 5 J— . 

\ a- 2 

19. 3VT5W. 25. 4T/2SW. 31. 9*/*^-. 

20. 7xfom?: 26. !/£ 32. 6cJ^-. 

21. oxVlB - ^: 27. Vf. 33. 3*/???. 

170. In order that a radical may be in its simplest form 
there must be no fractional part under the radical sign. 

If the fraction under the radical sign does not have its de- 
nominator a square, it can be always made so by multiplying 
both numerator and denominator by the denominator, or*, 
sometimes, by a less quantity. 

Thus, n -4^ 2 -n, . 

and Sl/J-S^I^J-Sv^. 

These may now be reduced to their simplest forms as before. 

Thus, V\ = 1/pT -\VZ, 

and 5V& - 5V-& x 6 = $V$. 

Reduce the following radicals to their simplest forms : 





MENTAL EXERCISE. 




1. Vf. 


4. 8Vf. 


7. 514: 


2. V\. 


5. VI 


8. 314: 


3. vj. 


6. Vf. 


9. 71^: 
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SECTION LXXIV. 
ADDnTON AND SUBTRACTION OF RADICALS. 

171. Ex. What is the sum of 5l/3 and 7l/3? 
Solution. bVl + 7V3 - 12i/3, just as 5x + 7x - 12x. 

Ex. Subtract 4 v7 from 6 Vl. 

Solution. 6V7 - 4l/7 - 2v7, just as 6z - 4x - 2s. 

Perform the following indicated addition and subtraction : 

1. 21/5 + 41/5. 4. 51/7-1/7. 

2. 7VS - 4l/3. 5. 6vT5 + 2l/15. 

3. I?l0 + *8l?l0. 6. 2i?ai - l?aS. 

Expressions which have the radical parts exactly alike are 
called similar radicals ; as, 4 l/5~a and 9 Vo a. 

Radicals like 3^7 and 4l?l0, or 5l/3 and 5l?3 are <ft»- 
similar, and cannot be collected into one term. 

7. 3l/2+5l/5 + 4l/2 - 31/5: 

8. 4^10 + 31/10-2 1?10 + 7 1/10. 



9. 12l/ox - 5v^2x - 8l/aa; - 2l/2x. 
10. 7l/5a; + 41/15 - l/5s. 

172. Radicals that are not similar may sometimes be made so 
by reducing them to their simplest forms. Thus, l/8 and 3 1/2 
are dissimilar radicals, but VS = l/4V2~= 1/4.1/2 = 2 1/2. 
2l/2 and 3l/2 are similar radicals. 

For addition and subtraction of radicals we have the fol- 
lowing general 

Mule. — Reduce the radicals to their simplest forms; collect 

19* 
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the similar radicals, and indicate the addition or subtraction of 
dissimilar ones by the proper signs. 

Ex. Add 1/75, 2vT2, and l/3. 

OPERATION. 

1/75 = 1/26 x 3 - hV% 

21/12 - 2l/4x"3 = 41/3 

1/3 = 1/3 



101/3 

Explanation. We first reduce the radicals to their sim- 
plest forms, and, as they are then all similar, we add the co- 
efficients, obtaining for the sum 10l/3. 

Ex. Collect 21/135 + 21/T12 + VI - 1^40. 

OPERATION. 

We first reduce the radicals separately to their simplest forms. 



21/135 = 2V27 x 5 - 2.3.1/5 - 6l/5, 
21/112"= 2l/IB~x~7 = 2 . 4 . vT = 81/7, 

-V-40 = -1%3<~5 21%. 

V7- V7. 

41^5 + 9VT 



WEITTBN EXAMPLES. 

1. Add 3 VM, VZi, and VI. 

2. Subtract VT8 from 2 l/?2. 

3. Collect V20 - 21/20 + 5l/I5. 

4. Add v"54 and 1^250. 

5. Collect 2 V4a + V9a - l/25oT 

6. Subtract a l/4 3; from 5 Va 2 x . 

7. Collect 4 1^2 a + 3 vl6a - 1^54 a. 

8. Add 1/250, 1/640, and V1000. 
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9. Collect 6 V\ + 21/12 - 8l/|. 
10. Subtract 10l/J from 7l/8. 

Collect the following expressions : 

MENTAL EXERCISE. 

1. 2l/J + 31/2. 4. 61/J + 4l/3. 



2. 4l/3 + l/75. 5. 2al/z + 3l/a^: 

3. 41/3 - 1/27. 6. 2V5x*+6xV5x. 



SECTION LXXV. 
REDUCTION OF RADICALS (Continued). 

173. Ex. 3 is the square root of what quantity ? 

Solution. 3 is the square root of 9. Hence, 3 = V9. 
Here 3 has been reduced to a radical of the second degree. 

Ex. 4 a is the cube root of what quantity ? 

Solution. 4 a is the cube root of the cube of 4 a ; that is, 
of 64 a 3 . Therefore, 4 a = 1/64 a 3 . Here 4 a has been re- 
duced to a radical of the third degree. 

Mule. — Raise the quantity to the power indicated by the 
degree of the radical, and indicate the corresponding root 

MENTAL EXERCISE. 

1. Reduce xy to a radical of the 2d degree. 

2. Reduce 3 ax to a radical of the 3d degree. 

3. Reduce 7 a n y to a radical of the 2d degree. 

4. Reduce ax* to a radical of the 4th degree. 

Ex. 3 1/2 is the square root of what quantity ? 

Solution. 3 is the square root of 9 ; l/2 is the square 
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root of 2 ; .the square root of 9 times the square root of 2 is 
equal to the square root of 18. 

Therefore, 3 1/2 = l/9 . l/2 = j/IS. 

This operation is called placing the coefficient wider the radi- 
cal sign. 

Rule. — Raise the inefficient to the power indicated by the 
degree of the radical, and multiply it by the part under the 
radical sign. 

Thus, SVa = VWai aftx - V'aFx, and ZVlb = V135. 

In the following expressions place the coefficients under the 
radical sign : - 

MENTAL EXERCISE. 

1. 3V7. 3. 5aVx. 5. 63/ Vx. 

2. 41/2. 4. 2aV^. 6. bV2. 



SECTION LXXVI. 

FRACTIONAL EXPONENTS. 

171. The square root of a 6 is a s , of x 10 is x 8 . To find the 
square root of the power of any quantity we divide the ex- 
ponent of that quantity by 2. 

If the actual square root may be found by dividing the ex- 
ponent by 2, the square root may be indicated by indicating 
the division of the exponent by 2. Thus, a$ (read a, six halves) 
indicates the square root of d 6 , while a 8 is the root actually 
taken. So a§ (read a, six thirds) is the indicated cube root 
of a 6 . By actual division the actual root, a 2 , may be found. 
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Therefore, c$ indicates the same operation as Va?, 
and a$ indicates the same operation as Vcf. 

Hence, cfi = Va", a' = ^a*, and cfib 1 ^ (read a, eight halves; 
b, ten halves) = Va*b l \ 

What roots are indicated in the following expressions ? and 
what are the actual roots? — 

MENTAL EXERCISE. 

1. a'. 3. c&bi. 5. Try . 

2. bl 4. 4 a*. 6. aibVc*. 

175. In this way we may indicate roots which cannot be ex- 
actly found. Thus, since to get the square root we divide the 
exponent by 2, the square root of a 3 may be indicated by c$ 
(read a, three halves). So 6$ indicates the third, or cube, root 
of b\ Therefore a* = Va* and b* = vV. To indicate the 
square root of. a, ( = a 1 ), we divide the exponent 1 by 2, and 
have a*. So 6* indicates the cube root of b, ( = 6 1 ). 

Principle. — When a fractional exponent is used the denomi- 
nator indicates root, and the numerator indicates power. 

Note. — 2 eft = 2 Va* and (2 a)f = &2a*. When no parenthesis is 
used the exponent belongs to only one quantity. 

MENTAL EXERCISE. 

What roots are indicated in the following expressions ? — 

1. ai 4. 7aL 7. 5*. 

2. &i 5. 5aUi 8. (2aV)i 

3. aM 6. 4xiyl 9. (4 ay 1 )*. 

What exponents will indicate the following roots? — 
10. Vy. 12. iV. 14. 1/2. 



3y- 



11. 8V*. 13. 2l/?. 15. 6l/zy. 
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SECTION LXXVII. 

REDUCTION OF RADICALS TO THE SAME 

DEGREE. 

176* Ex. Reduce the exponents of a* and $ to equivalent 
ones haying the same denominator. 

OPERATION, 

i = f? i = }• Henoe a* — ai and bi = 6l. 
80 a* and 6* equal a* and &'. 

Reduce the exponents in the following sets of quantities to 
the same denominator: 

MEHTAIi EXEBCISE. 

1. v$ and yi. 3. xi, a#, and a*. 5. c* and e#. 

2. xi and a£. 4. a* and 6i 6. a* and & 

Since the denominator of the exponent indicates the degree 
of the root, if two quantities have exponents with the same 
denominator, they are radicals of the same degree. Hence 
the 

Mule* — Express the radicals with fractional exponents; re- 
duce the exponents to the same denominator, and, if neeessarij, 
express them with the radical sign. 

Illustration. Va and ^7? - a*, and a* *= a*, and at 
= fc?, and V&. 

Reduce the radicals in each of the following sets to the 
same degree: 

WRITTEN EXAMPLES. » 

1. VI) and i?5. 4. T?a* Vox, and &xy. 

2. ValF and #?. 5. $'a\ Va~x, and falF. 

3. 4*3» and 2Va\ & V% 1^3, and #fc 
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SECTION LXXVIII. 

MULTIPLICATION AND DIVISION OF 

RADICALS. 

1TL We Have seen that VlxV5= 1/36. Therefore, 
VSB + V8-VI. So 8 #15 + 4^5 = 2^5. Butv^xi^ 
or X% ■*■ 1^3 cannot be . expressed in any ampler form, If 
two radicals are of the tome degree, their corresponding 
parts may be multiplied or divided; but if the degree is 
different, we can only indicate the operation. But we have 
found it possible to reduce radicals to the same degree. 
Hence, for multiplication and division of radicals we have the 
following 

Mule. — Reduce the radicals to the same degree, and multiply, 
or divide, the corresponding parts. When necessary, reduce the 
resuR to Us simplest form. 

Illustration. 1/3 x V5 - i/g, 3V5 x 4W - HVca? 

= 12xVw, ®*^-4l/£ 
Wa? 

Perform the multiplication or division indicated in the 
following : 

MENTAL ISXffiBQffflB. 

1.3i/2xi/5. 4.^55. 7.51/22x814. 

2V5 

2.41/7x21/3. .&***. 8.*** 

6^3 101/3 

3. 3y2ax ySax. 6. — * . 9. — * 

1/5 xy* 3 |^25 x 
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WRITTEN BXAMPLB8. 

1. VTO x VS. 5. Vox x Vxy. 9. ^i * lfa- 

2. 4vl4 x 1/2. 6. ^^"x v^. 10. ^ 



3l?T0 



3. ^5xvl 7. 3l/Jx5l/B. li. ®2™, 

2V% 



a ,/?r- i/b q 15l/3oc 19 V2a 

4. l/3a x yoaa;. 8. zr~ # 1Z * 

5l^6a l/f 



SECTION LXXIX. 
FRACTIONAL EXPONENTS. 

178. The power of any quantity is the result obtained by 
taking that quantity a given number of times as a factor. 
The exponent shows how many times the quantity is to be 
taken. Thus, of is the 5th power of x, and is the product of 
5 x's. 

Question. What power of x is indicated by xl ? 

Solution. An arithmetical fraction indicates a certain 
number of equal parts. Thus, \ indicates 1 of 2 equal part3 ; 
f means 3 of 4 equal parts, and so on. 

If we compare the meanings of bx and z 5 , we find that 5x 
means the sum of 5 z's, and that x* means the product of 5 a^s. 

If we compare -J-x and z$, we find the same relation. \x 
means 1 of 2 parts whose sum is z, and a£ means 1 of 2 parts 
whose product is x. 

So f x means the mm of 2 of the 3 equal parts whose sum 

is x, and z§ means the product of 2 of the 3 equal parts 
whose product is x. 
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Fractional Exponents, therefore, have the same relation to 
entire exponents that fractional coefficients have to entire 
coefficients. 

Since zl denotes 1 of 2 equal factors' of z, it means the 
square root of x, and we have, as before, z$ — Vz. 

So a£, which denotes 1 of three equal factors of x f means 
the cube root of z, and, as before, z$ — l^x. 

The product of two equal factors is the square- of one of 
them. Hence, x$, being the product of two of the three equal 
factors of z, is the square of a£, or the square of the cube 
root of z. Therefore, z$ = (l^i)" - ifc?. 



SECTION LXXX. 



NEGATIVE EXPONENTS. 



Subtract 



Divide 





MENTAL 


EXERCISE. 




1. 


2. 


3. 


4. 


5z 


8x 


9x 


hz 


2x 


Ax 


Sz 


z 


5. 


6. 


7. 


8. 


a 5 


z* 


z 9 


?L 


z* 


z 1 


7? 


z 



179. In the subtraction we subtracted the coefficients because 
they showed how many times the letters were taken as added 
quantities, and the difference of the coefficients showed how 
many times the quantity was left. 

In the division we subtracted the exponents because they 
showed how many times the letters were taken as multiplied 
quantities or factors, and the difference of the exponents 
showed how many factors were left after the N division. 

20 
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Milt 2y 
Let u* nor «bto*et Sab. 5y 

Rem. - 3 y 

Here the minuend is too small by 3 y for 5 y to be subtracted 
from it ; we indicate this by writing - 3y Ibr the result 

Now let us divide ~ 

if 

Here the dividend is too small bj3y'aaafkcto»for y* tob$ 
divided into it; we indicate thk absence of & factors by writing 
for the result y~ 8 (read y, mh*t* h\ or; mitnts 3 power of y> 

In the expression - 3 y, the coefficient — 3 shows how many 
y's are lacking ; and in the expression y~ 8 , the exponent — 3 
shows how many y's as factors are lacking. 

180. Thus we see that positive and negative exponents ha ve 
the same relation to each other as positive and negative co- 
efficients. 

These discussions also show us that all exponents indicate 
how many times the quantity is taken as & fector, and that 
therefore all quantities with exponents are powers. 

For division of powers we have the following general 

Rule. — In aft cases of division of powers of the same quantity 
subtract the exponent of the divisor from the exponent of the divi- 
dend to find the exponent of the quotient. 

MHNTAL BZBBOB3B. 

Explain the following : 

L — - rf- 3w — » a*. 5, — *— - 5arV f . 

x* a 4 7?y 



a^ a 9 xy~* 9 
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Give amibur results for the fcUowing indicated divisions 

a* 3aV a"* 

o ** 7 8ax< y i* a_1 

*• —7. I. — — T« 1Z. -. 

or 8aay a" 1 

3 . f* 8 . 5f. IS. £. 

oxy oarcaf ax 

2 ox* x 3/ ary* 

181. We will now indicate the division of a 8 by a series of 
ascending powers of a : 

Obtaining a 8 , — , — , — , — , — , — . 

a a* a 8 a 4 a 5 a* 

Performing the division by sub- 
tracting exponents, a 8 , a", a 1 , a , a" 1 , a"*, a" 8 . 

Reducing the same fractions to 

their lowest terms, , , .,111 

<r f a, a, 1, -, — , — . 

The corresponding terms of these three series are equal to 
each other ; hence, 



o-' 


- 


1 

** 

• 

a 


a-' 


- 


1 

a*' 


o-» 


- 


1 
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Since a may stand for any quantity, the power (read zero 
power) of any quantity is 1. A negative power of any quan- 
tity is equal to 1 divided by the same positive power of the 
quantity. 

Thus, ar 1 -— , a-*-—, 2T 1 --* 

v? a* y 

and 4ar" - — , ay* - -7, far 1 - -. 

Since a° - 1, 3a° = 3, 

and 4aV-4s\ 

Express the following without any negative exponents : 



MENTAL EXEKCISB. 

1. 3ar'. 4. 8a-*b-\ 7. 

2. 4 ay" 4 . 5. 9ary. 8. 



12 cdy~\ 
x 

5 a'car 1 



3. 2 an/" 1 . 6. lOaV. 9. m * n * 



182. We have found that a" 2 = — - ; hence, — - = -=- 

ar a"* J-. 

«= 1 x — = ar. That is, — - = ar. So - — - - — r~. 
1 a"" ox -1 6 

Rule. — We may transfer any factor from either numerator 
or denominator of a fraction to the other term by changing Hie 
sign of the exponent of that factor. 

3 ax-* 3a& s , a"* 1 

Illustration. — - - - -7-7-1 and — r = ~T7- 

4b~ 3 y 4 an/ ar aV 
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BXBBGISB. 

Reduce the following to equivalent expressions haying no 
negative exponents: 

. bay* „ 6 a 4 &-' _ xy~* 

86-W <rV ' a-V 1 ' 

3m~ 8 n . ar*b<?x a ar*m 

, Eeduce the following expressions to the form of entire 
quantities : 

1 2cfy " box R 12 w?tf 
b'hr % 6fy 66-V 8 

9mn 4 . mV ^ ctdn 

3 a l m \e * 6 *m 



SECTION LXXXI. 

OPERATIONS WITH NEGATIVE AND FRAC- 
TIONAL EXPONENTS. 

183. All the operations of Addition, Subtraction, Multi- 
plication, and Division may be performed with terms contain- 
ing negative and fractional exponents by exactly the same 
rules as were used in Part I. 

If some quantities are expressed with fractional exponents, 
and others with the radical sign, they must be reduced to the 
same kind of expressions, 

Note. — In addition and subtraction be careful to unite only similar 
terms. 

20* 
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>:«: \-'\yr.r 





5. 






lab 


+ 8 


aV 


«+ar* 


lab- 


1 -2 


aV 


•• + »-* 



1. 2. 3. 

Sa^ar 1 + 2aV-* 4q-'6 , - 2y-* ^? 

4. 

Subtract bx~*y* - 5ar 8 
2arY + 2a? 

Jn multiplication of powers of the same quantify add the 
exponents. In division subtract the exponent of the divisor 
from (he exponent of the dividend. 

Note. — If the exponent in the result is 0, the quantity is equal to 1, 
and fe usually omitted as a factor. 

Illcbmation. a' 1 x a~ 8 * or\ a* x a* ** a^ ** a*. 

a'ar* x to? - a*6. — - — a 5 . — - a* « «* *= a. 

<s~* a* 

Perform the multiplication and division indicated in the 

following: * 

MBNTAIi EXKBCISB. 

1. aV x a*z~ l . x 

13 — 

2. 8c-'dx2(?d- 4 . ' a;*" 

3. 6»-V 1 x8aSr l l a 

* 14. -5-. 

4. ftaW 8, x r*s; a* 

5. ay* x 5 a'flT*. f j 

* « x& ■ .» .I . y — 

8. 4 a~* x a*. ' arM; ' 

10. Sa*3T* x <rV. 1T * "T^jl* 

11. o"W x aM. o an* 
— ~ x x\ afy* 



NEGATIVE AMD FRACTIONAL EXPONENTS, 3B& 
19. m "V . 20. 8ata; V > , 



1. Add 4a* + 3aa- , + 5^y, 2Va - — + 2y*, and 

x* 

l/S* + ££!~3i^ 
a" 1 

«j 

2. Add 4VaST- j + 2a s df» 4x^5 + aS^ + a'l^ and 

b a' 9 

3. Subtract 2&- 1 z* - 8&fy* + 2a?y- 1 from ^^ 

y 

4. Subtract j/mf~+4x*y+2xyl from 3yVx + — -~4a;Vy. 

5. Multiply a* + 6* by a* + 6*. 

6. Multiply «~ f + ar 1 + 1 by « + x*. 

7. Multiply a£ + t +x* by a£ + 1. 

8. Multiply of + 3 a + a -1 by 2 a + a" 1 . 

9. Multiply a£ + 2x* + a£ by a£ + a£. 

10. Divide a* + Soft* + Sa*b + 5* by a* + 6*. 

11. Divide a - ft by a* - 6*. 

12. Divide aT* + 8*-* + 4ar* + 2 by 1 + *. 

13. Divide a£ + 2a£ + 2x* + a; by a£ + xi 

14. Dhifc a^-f a^ + l-Sar* by a* + 2a? + 3ar*. 
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SECTION LXXXII. 

SQUARES OF RADICALS. — RADICAL 

EQUATIONS. 

184. If we wish to indicate the root of a polynomial we 
prefix the radical sign, and draw a line over the whole quan- 
tity. Thus, the square root of a* + 2 ab + 6* would be indi- 
cated by Va* + 2 aJb + b\ The line is called a vinculum. 
It has the same effect as a parenthesis, and may often be used 
in place of one. We take the root only of the part over 
which the vinculum extends. Thus, 

VS + 7-3 + 7-10, VT+T= Vl6 - 4. 

The quantities under the radical sign thus far have been 
monomials, but the same principles apply to polynomial radi- 
cals. Thus, 

l/o r =Ta3TTF-a--6, #(a + a;) 4 = f(a + x) 8 (a + *) 

— (a + x) Va + x. 

MENTAL EXEBCI8E. 

Give the values of the following expressions, taking only 
the positive roots: 

1. VT+W. 3. VW+9. 5. VT6 - 1/0. 

2. 1/9 + 4. 4. 1/15 + 9. .6. 16 - V9. 

« 

Extract the roots indicated in the following expressions : 

7. VV + 2sy + 2/». 8. Va\b* + 2bc + <?). 

Collect : 

9. 4Va+l + 2VaTb. 10. 5l/& 4 -y*- 31/?^. 
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Perform the following indicated multiplications : 

11. Vx.V2x- 2. 13. VaTh.VcT^B. 

12. VxTl.VS. 14. Vx - y . Vxy. 
Perform the following indicated divisions: 

15. Va * ~ * 16. Va * + Zo'fe + ay x , 

Va- x " l/a 

185* The square root of a quantity multiplied by itself 
gives that quantity. Thus, Va x Va gives a. The square 
of the square root of any quantity is equal to the quantity. 
Thus, (Va)* is equal to a. 

Principle. — Squaring a radical of the second degree removes 
the radical sign. 

Give the squares of the "following quantities: 

MENTAL EXERCISE. 

1. 1/5. 4. Vx~+T. 7. 1/8 as- yx. 

2. 1/14. 5. 3V5s-2. 8. V4x - x\ 

VxTl „ . fiT^ 



3. 2 Vs. 6. -^-y^. 9. 4<J^ 



8 



186. An expression like 4 + l/x, being the sum of two 
quantities, is best squared by use of Theorem I. The square 
would be the square of the first term, or 16, plus twice the 
product of the first and second, or twice 4Vx, which is 8l/J, 
plus the square of the second, or the square of Vx, which is x. 
The result is 16 + SVx + x. 



Ex. What is the square of Vx - Vx - 2? 

Solution. This is the difference of the two quantities, Vx 
and Vx - 2. Its square is best found by Theorem II. It will 
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be the square of Vx, or*, moras twice the product of V5?and 
Va; - 2, or 2yV- 2x plus the square of V« - 2, or * — 2. 
The result is a; + 21/^- 2x + a; - 2. 



MENTAL AHP WBJTTEM XZXXOIBX. 

Find the squares of the following by the use of Theorem I. 
or Theorem II. : 

1. Vx - 2. 4. Vx - VaPT2. 

2. 4 - V3x. 5. a + Vx- 4. 

3. 2-3j/^ 6. 9* - VffsF^Zz. 

It will be observed that in all these cases the middle term 
of the result contains a radical expression. 

Square both members of the following equations : 

7. Vx - 5. 9. 1/5 - l/2a;-8. 

8. VaT+1 - 3. 10. vTi - Va7+ 2. 

187. In squaring the members of these equations it will be 
observed that where the radical expression stands by itself the 
radical sign disappears, but that where it is connected with 
another quantity it is still found in the middle term of the 
square. Equations must be freed from radicals before they 
can be solved, and therefore it is necessary to place the 
radical by itself on one «ide of the equation before squaring 
the members. 

If there are two or more radical expressions, as in the 
equation, 

y^zri _ i/jTTT- 2, 

we transpose one to the other member, so as to leave the other 
by itself, obtaining 

V3x - 1 ~ Vz=T+% 
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Squaring, 3x-l-x-l + Wx - 1 + 4. 

As a radical still remains, 
we transpose and collect 
the other terms, so as to 

leave the radical by itself, 2 x - 2 - 4 1/x - 1. 



Dividing by 2, x - 1 - 2Vx^T. 

Squaring, X* — 2a; + 1 -* 4x — 4. 

Transposing and collecting, a? — 6 a; — — 5. 
Completing the square, x-6x + 9«4. 
Extracting the square root, x — 3 « ±2. 
Transposing and collecting, x =* 5 or 1. 

For solving equations containing radicals of the second 
degree we have the following 

Hide. — I. Transpose the terms so (hat one radical may stand 
by itself on one side of the equation, and square both members. 

U. If any radical remains, repeat the operation till the result- 
ing equation contains no radical. 

III. Solve this equation by some of the preceding methods. 
Solve the following equations : 

WBITTEJT EXAMPLES. 

1. VxTS - 3. 8. x - V~2x~+1 - 1. 

2. l/8¥+T- 3Vx. 9. x - 1 - V10 - 2a;. 



3. V5 + i -Vx + h 10. l/4^TT - 1/3 - VT2. 

4. 3 + V2x + 2 « 7. 11. x - 2 « V19 - 2x. 

5. 1 + 2Vx^Tl - x. 12. x - 6 - 1/3 (x - 6). 

6. Vx~=T - 1/aTTlO - 2. 13. x - 1 - 1/8^23. 

7. l/x + 5'+ */x+T- T^xTS. 14. l/4+ l/4x"+T- 3. 
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SECTION XXXXIII. 

RATIO AND PROPORTION. 

MENTAL EXERCISE. 

1. 6 is how many times 3 ? 6. a is what part of 4 a? 

2. 8 is how many times 2 ? 7. 5 is what part of 8 ? 

3. 25 is how many times 5 ? 8. 6 is what part of 10 ? 

4. 4 is what part of 12 ? 9. 4 is what part of 6 ? 

5. 3 is what part of 15? 10. 8 is what part of 14? 

188. In all of these examples we found the relation between 
the two quantities by dividing the first by the second. This 
relation is usually called Ratio. 

In all the former questions we might have asked what was 
the ratio of one number to another. Thus, the ratio of 6 to 2 
is 3 ; the ratio of 5 to 15 is \. 

What is the ratio of — 

11. 12 to 4? 12. 9 to 3? 13. 56 to 8? 14. 2 to 10? 

Katio is usually expressed by two dots, thus : 5 : 10. 

What is the value of the following ratios ? — 

15. 4 : 32. 17. $ : f . 19. 6 : £. 

16. i : 2. 18. | : £. 20. 2 : 12. 

Find to which ratio in the second column each ratio in the 
first column is equal: 

1. 3 : 1. 5. 1 : 4. 

2. 4 : 6. 6. 2 : f . 
3.2:8. 7.20:2. 
4. 5 : J. 8. 6 : 9. ■ 
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189, When the equality of two or more ratios is indicated, 
it is usual to place four dots ( : : ) between the ratios, instead 
of the usual equal sign ( = ). Thus, the equality of the ratios 
of 5 : 10 and 1 : 2 is expressed, 5 : 10 : : 1:2. This is called 
a proportion, and is read, "5istol0aslisto 2." 

A proportion is an expressed equality of ratios. 

Find to which ratio in the second column each ratio in the 
first is equal, and express the equality in the form of a pro- 
portion : 

WBITTEN EXAMPLES. 

1. 9:3. 6. 3 : 15. 

2. 5:12. 7. 10:24. 

3. 2 : 10. 8. 18 : 2. 

4. * : 4. «/. J. : "v. 

5. 6:|. 10. 2:16. 

190. Since the value of a ratio is found by dividing the 
first quantity by the second, the ratio may also be indicated 
by indicating the division. Thus, the ratio of 6 to 3 may be 
represented by £ . Since the ratio of 4 : 12 is the same as 
2:6, we must have 4 divided by 12 equal to 2 divided by 6, 

Therefore the equation ^ = £ and the proportion 
4 : 12 : : 2:6 are both statements of the fact that the rela- 
tion of 4 to 12 is the same as the relation of 2 to 6. 

Principle. — An equality of fractions may always be repre- 
sented by a proporti&n, and a proportion by an equality of 
fractions. 

Change the fractional equations to proportions, and the 
proportions to fractional equations, in the following: 

21 Q 
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a e 


2. 


_ """" _ • 




b d 


3. 


\- X - 




y 


4. 


x + y m 



MENTAL EXERC1SB. 

6 * 

6. 2:8 :: 3:12. 

7. 5:3 :: 15:0. 

8. a : a? : j b : y. 

x - 2 9. $ + y : £ : : 4 : 5. 

4 ' 10. a + 3:x-3::8:2. 

191. The first and last terms of a proportion are called 

extremes, and the second and third terms are called means. 

If the proportion a : b : : c : d be expressed as an equality 

of fractions, we will have - — -. If we clear this equation 

b a 

of its fractions by multiplying both terms by Id, it becomes 

ad = be. 

We observe that a and d were the extremes of the propor- 
tion, and b and c are the two means; and since the product of 
a and d is equal to the product of 6 and c, we have the 

Principle.— In every proportion, ike product of the extremes 
is equal to the product of the means. 

Illustration. If x : y : : 5:7, then 7 x - 5y. 

If x + 4 : x - 4 : : 9 : 6, then 6x + 24 - 9a? - 36. 

Change the following proportions to equations, by placing 
the product of the extremes equal to the product of the 
means: 

MENTAL EXERCISE. 

1. x : x - 3 : : 5 : 3. 4. - : 3 x — 1 : : 1 : 4. 

It 

2. x : y : : 2 : 7. 5. x + y : x — y : : 3 : 2. 
8.g + 3:s-5::3:l. 6. & + 5:7-a?::5:3. 
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Transform the following proportions to equations, and solve 
the equations : 

WRITTEN EXAMPLES. 

1. 2* + »r* + 2 :: 3:1. 



{x + y :y + z :: 7:4") 
z + z:x +y :: 5:7 V. 
y + 2 :x + 4 :: 1 : 2 J 

{x + y : z : : 2 : 1 *) 
s-2:y + a::2:3 V. 
x + v + z = 12 J 



2. x- 2:6 :: 2a; : 15. 

3. x - 1 : x + 2 : : 8 : 4. 



~ f 2y + x: 1 :: 4x+y:3) 10 f x+y : 8 :: 4 : x - y ) 

I 4x + y-42 J' 'l z + y-8 J 

Jz + 2y:2z + y:r5:6) 11. J 2:y::z:24 1 
2^ + *y * , f- U-y:4::l:z-yJ 
£-* - 2x - 1 J 12. x + 3 ; 5 : : 8 : 2. 

7 (x + 4y:4x-2::l:2> 13- *-2:s-4 :: 21 :x + (k 

'I5:3x + 6y::2:x + 3j 14 2x:x+3 :: 5:2as-6. 



{■ 



4x 4 
192, The ratio of 4 x : 5 x is that of 4 to 5 ; for - — = -. 

5* 5 

If there are two numbers in the ratio of 4 to 5, one number 

may be represented by 4 X and the other by 5 x. We may, 

however, represent them by x and y, and then we will have 

the proportion x : y : : 5 : 4. The former method is generally 

preferable, because it uses only one letter. 

Problem. Two numbers are in the ratio of 3 to 5, and 
their sum is 24. What are the numbers? 

Statement. Let 3x and 5x represent the numbers, because 
they are in the ratio of 3 to 5. 

And because their sum is 24, we have the equation, 

8x + 5x«24. 
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Solution. 
Collecting and dividing, x = 3. 

3 x - 9, one number ; 

5 x = 15, the other number. 

Proof. 9+15-24. 

PROBLEMS. 

1. Divide 36 into two parts which will be in the ratio of 

7 to 2. , 

2. Two boys had each the same number of marbles, but one 
lost 4 and the other bought 5, when their numbers were in the 
ratio of 2 to 5. How many had each at first ? 

3. In a game of cricket the side at the bat had 60 runs less 
than the other. They scored 10 more, when the score stood 2 
to 1. How many had each at last? 

4. A man leaves $18,000 to be divided between 3 persons 
in the ratio of 2, 3, and 4. What is the share of each ? 

5. In an alloy of gold, the gold was to the copper as 3 to 1, 
but 8 ounces of copper being added, the proportion was 7 to 5. 
How many ounces of pure gold were in the alloy ? 

6. A's age is to B's age as 4 to 5. 6 years ago their ages 
were as 10 to 13. What are their ages? 

7. A's money is to B's money as 3 to 7. Atthe end of 6 
months their gains are in the ratio of 5 to 3, A having then 
$1400, and B $2400. How much had each at first ? 

8. From 100 pounds of sea-water 92 pounds were boiled 
away, when the weight of the remaining pure water was to 
the weight of the salt it contained 11 to 5. How many pounds 
of salt were in the 100 pounds of sea-water? 

9. On a farm the acres of woodland were to the acres of 
cleared land as 2 to 5, but 5 acres more having been cleared, 
the ratio became as 1 : 3. How many acres were in the farm ? 
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SUGGESTIONS 05 THE SOLUTION OF PROBLEMS. 

The parts of these which are printed in Italics are meant 
for the oral explanations. The rest should be written down 
by the student, and the blanks occupied by stars should be 
filled by the proper expressions. 

Problems on Page 65. 

1. Let x =• number of years in son's age. 

Then * * * — number of years in father's, because he was 3 

times as old as the son. 
* * * — number of years in son's age 6 years ago, 
and * * * = number of years in father's age 6 years ago. 

But because the father's age was then equal to 5 times the son's, 
we form the equation * * * *. 

2. Let x = number of years in James' age. 

Then * * * — number of years in John's age, because he was 6 

years older than James. 
Then * * * — number of years in James's age 3 years hence, 
and * * * = number of years in John's age 3 years hence. 

And because 3 times John's age then would be equal to 4 times 
James's age at the same time, we form the equation * * *. 

3. Let x = number of hours the man will row after the 

boat. 

Then * * * — number of hours the boat was drifting alto- 
gether, because it drifted for 6 hours before he 
started, 

and * * * = number of miles the boat drifted, 

and * * * = number of miles the man rowed. 
But because the man rowed the same distance that the boat 

drifted, we have the equation * * *. 

4. Let x — number of miles per hour the current moves. 
Then * * * — number of miles he can row down stream in one 

hour, 

21* 
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and * * * - number of miles he can row up stream in one 

hour, 
and * * * - number of miles he can row up stream in two 

hours. 
And because the distance he can raw down dream in one hour 
is equal to (lie distance he can row up stream in two 9 weform the 
equation * * *. 

5. Let x — number of hours before A will overtake B. 
Then * * * = number of miles A will walk, in s hours at 4 

miles an hour, 
and * * * =. number of miles B will walk in x hours at 3 

miles an hour. 

But became A walks 6 miles mare than B, since he goes and 
returns 3 miles, we can form the equation (miles A walks equals 
miles B walks, plus 6). 

6. Let x « number of days he worked. 
Then * * * - number of days he was idle, 

and * * * - number of dollars his wages would amount to, 

at $2 per day, 
and * '* * — number of dollars his board would amount to, 

at $1.25 per day. 
And hecause he received $35, that amowni was (he remainder 
after deducting his board from Ms wages. Hence we have the 
equation (wages minus board equal money received). 

7. Let x ~ number of dollars in one day's wages, then find 
expressions for one day's board, for 10 days' wages, and for 6 
days' board, and form the equation as before. 
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Page 28. 

17. 6^-8a^-2y». 

18. 106 2 c 8 s + 6 8 c 2 

19. 13a 8 + 14s 8 -* 

-4c+3y. 

20. -babcx^ 

+10a 8 6cs 
+8a6 8 c. 

Page 80. 

1. 3 s. 
2.4y. 
8. -7s 8 . 

4. -3y. 

5. 7 s 8 . 

6. 0. 

7. 0. 

8. 0. 

9. 3 s. 

10. -26 s . 

11. 4y. 

12. a* 
18. 0. 

14. 0. 

15. 0. 

16. -6 8 . 

17. 8 ay. 

18. 6 s. 

19. 2a6. 

20. 0. 

21. -Sax. 

22. 82*?/. 
28. -5y 2 . 

24. 10 aft. 

25. -1xy\ 

26. 4 sty. 

27. -6a6c. 

28. -9 as 8 . 



Page 81. 

29. — 10syand4sy. 

80. 3s* and 7 s 2 . 

81. -6o6 2 and 

-8o6 2 . 

82. 46c 8 and -76c 8 . 
88. -2s 8 and 10s*. 

Page 88. 

1. 2 as*. 

2. -20 am*. 
8. -11 sty*. 

4. 15 sty. 

5. 5 sty. 

6. Ha6s 2 . 

7. 18 a&c. 

8. 3 as. 

9. -lis 8 . 

10. -26 2 c\ 

11. -3 as. 

12. 15aty. 
18. 36y 2 -6 8 . 

14. 2sty-7sty 8 

-2yz. 

15. -3a 8 + 106* 

+ 3 6c. 

16. c^n-lOn 8 . 

17. — axy — 7 xy* 

+23* 

18. 5 m 2 + 6mn 

-7mn 2 . 

19. -96 2 c + 8 6c 8 

+4wn. 

20. 6 s 2 . 

Page 84. 

21. a-5 6+7c. 

22. 3s + 3y. 

28. bxy+9y*-2z. 

24. 2as+6s 2 -sy. 

25. as-6ay + 2s 2 

+3az. 



Page 84. 

26. -46y 8 + 2 6ty 
-36 8 -56*. 





Page 85. 


1. 


8z-4z = 2-4 




+ 12-2. 


2. 


5y+4s-2y-y 




=7. 


8. 


2s- 3s + 8s 




- 4 + 1 + 9. 


4. 


3s+2y=»-2+5. 


5. 


6s-2s= -4+7 




+5. 


6. 4s+2s= -5+7 




+ 10. 




Page 86. 


1. 


y=5. 


2. 


s=2. 


8. 


s=3. 


4. 


y=8. 


5. 


y»3. 


6. 


s=4. 


7. 


s=24. 


8. 


s=3. 


9. 


s=8. 


10. 


Jf-L 


11. 


s=»7. 


1. 


Page 87. 

3. 


2. 


9. 


8. 


8. 


4. 


6. 


5. 


-1. 


6. 


4. 


7. 


3. 


8. 


6. 


9. 


4. 


10. 


Page 88. 

10. 


11. 


19. 


12. 


12. 



ANSWERS. 



Page £8. 

18. 1L 
14.3. 

15. 7. 

16. 4. 

Page 40. 

1. £z. 

2. 327+2. 

Page 41. 
8. 4x-5. 

4. B, 2s-4- # 
C, 2 a; +6. 

5. x+1; *+2. 

6. x— 5. 

7. x+3. 

8. 100 -a. 

9. 2a;+3; z-% 

10. 3s+2; 4s+2. 

11. 4s; 3s+12. 

Page 48. 

1. 5 and 13 inches. 

2. 137 pages. 
8. 126 and 234. 

PageiO. 

1. abc. 

2. Gabcxy. 

3. llamnx. 

4. 21 acdmz. 

5. 8sV. 

6. 20 a 3 c. 

1. b\ 

2. C 8 . 

3. m 8 . 

4. a6*. 

5. a 8 m 8 . 

6. 12 cy. 

7. 32 a 7 . 

8. -21a?y>. 



Page 48. 

4. 50 and 98. 

5. Corn, 40; 
wheat, 80. 

Page 44. 

6. A, $900; B,$300. 

7. 55 feet. 

8. J., 13; W.,31. 

9. Wheat, 30; 

oats, 40 ; corn, 00. 

10. 13 and 37 years. 

11. 35 and 13. 

12. J., 7 ; H., 15. 

13. B, $500; A, $1000. 

14. 13 feet 

Page 46. 

15. Mars, 2; Jupi- 

ter, 4; flataro, 8. 

Page 48* 

1. 21 ay\ 

2. ~30a6a 

3. 9a. 

4. £6*0**. 



Page 48. 

5* -24s*. 
6. 4833A 
7* 24oa;+12a;* 
-18 xy. 

8. 21 6 2 - 12 6c 

+24c*. 

9. 25aay+30afy 

-40 y 2 . 

10. - 16 acd+ 40 c a 

-80 a 8 . 

Page 49. 

1. 24m 2 ra. 

2. -2Z&&. 

3. — 55a^ 2 , 

4. -12a6- 9,6* 

+ 6 a 

5. -32m*+12m» 

-4n l . 

6. 45ac- 20ca* 

+30 aft. 

7. -49a£+35a# 

+ 28y 2 . 

8. -666 8 c + 246 2 c* 

-306c 8 . 



Page 50. 
9. -44a»*n*#. 

10. 24 a 8 *** 6 . 

11. 35a6 6 eV. 

12. -dafecVy*. 
18. - 21 acWs. 

14. — 60*»«afy 2 . 

15. SO a*xYl 

16. 48 aWc»d\ 

1 7. 30 6 5 c 4 - 24 6 4 c 8 + 12 6 2 c 8 . 

18. -35a 4 aV-45a 5 a^-6ay a . 

Page 51. 

19. 28 aPmM- 24 am i n* + 8 m*n\ 

20. 42c 6 d 6 +35c 5 d 7 -56c*d 8 . 

21. 72aV+36a?V-4523/ 4 . 
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Page 51. 

22. -S0mV+40«*r*+8«wty. 

23. -21^ 6 +12asy*-242^. 

24. Ma¥y-30a*jy+18a , ay 8 . 

25. 6 tf&x-hatohcy + 13 a 8 ey. 

26. 136H»*-8& i m , +6&»>n 8 . 

27. lSa'ays+^a^z 8 -^ 8 ^. 

26. 15ay 4 +15a^y-12xV«- 
29. 28<*ty-36afy+4<R>ty. 
SO* -4£>chn*z* + S&cfimz* 



52. 

1. 2ay+4j/ 8 +4s. 

2. -c 8 d-2ccf , -4cFr. 
8. 3a+7«. 

4. 7ay—A^. 

5. 5x*y+2zy\ 

6. a^as+aj 8 . 

7. mt—ri*. 

8. 4c 8 -a* 

9. a'-ft'-c 8 . 
10. a^+ay+y*. 

-2<ar*. 
12. 2 a 8 +5 as -a*. 
18. 30c , +17cd-21cP. 

14. 2 a*-ab- 3 6 8 . 

15. x*-z*y— xy-ay 6 -^ 8 . 

Page 54. 
l. # o 8 +2 <!«+«•. 
2. e^-Soft+a 8 . 
8. 2o t -5a&+3& 8 . 

4. 3©c J -fl7ed-21d». 

5. d?—m\ 

6. OoP-Md*. 

7. a , +2o6+6 , +ac+6c. 

8. a"— a6-~2ac+6c+d , . 

9. 10a 8 +31a*a;+17 aa>+5a*. 
10. a 3 -a 8 . 



Page 54* 

11. 3^-11 y 8 s+ 10^-12 S 8 . 

12. «c+6c— oa*— 6a\ 

18. 21 a 8 - 41 aty+eayHS^ 8 . 

14. 2s 8 +2j/ 8 . 

15. aJ-Saty+Say 8 -^ 8 . 
Id. &-*?y+2x 2 y*-zy*+y i . 

17. 4a 8 -0 6 8 +6 6c-c 8 . 

18. 6flftr+3aV+ll«V+6aa: 4 

-2t* 
It. 81 a*- 16 c*. 

20. 15*»-2a*-8a 8 . 

21. 2ct + 7 c?m-2c?m*- cm* 

+w*. 

22. a* -ft* 

28. a a + 502^-6^+0^+3 ay 8 . 

24. 80a; 6 - 18** - 15s* + 33 a; 8 

-12. 

25. a* + cab + ax — ac + foe - cz 

-ay-by+ey. 

26. 8«*- 83^+11^-162?+ 14^ 

-2*-2. 



Page 55. 

27. a*- 6*. 

28. at+ahc-azP—z*. 

29. 6e*-23c 8 +18c 8 +12c-8. 

Page 56. 

1. 3m-2n-x. ' 

2. 4a+6+a?— y. 
8. 6y-a-6. 

4. 2 am —3 inn + 2 m 8 . 

5. 4ay— 3aa;-^. 

6. 9 ma:— 2*n 8 +a: 8 . 

7. Zbc—2by—cx-Zab. 

8. 2y 8 -3ay-2ay-40<z+3 8 . 

9. 4aB+2a?-y-3* 8 +y a . 



6 



ANSWERS. 



Page 57, 

1. 63+y. 

2. 4y*-s. 
8. a+6. 

4. 43+3y. 

5. -3c-9d. 

6. 3a*-2a. 

7. 90*3+30*. 

8. 5a#-7y*. 

1, Uz-2ly+7z. 

2. -123+8y. 
8. 2a*-2a6. 

4. 146 8 c-216c 8 . 

5. -4afy+8ay. 

6. 12m3*-63 4 . 

7. -6a 8 3 8 +2a3*. 

8. -4»V+a^. 

Page 58. 

1. 5-3-3 = 7+23 

-2. 

2. 3+6-23 = 4-2 

— 3. 

B. y-y+4=4y+24. 
4. 30-53 = 3-23 

+ 6. 
5.15-28-43 = 183 

-27. 
6. - 24 + 83 = 12 

-43+12. 

1. 3 = 3. 

2. 3=5. 
8. 3 = 8. 

Page 59. 

4. 3=6. 

5. 3 = 4. 

6. 3=8. 

7. 3- -13. 



Page 59. 

8. 3=4. 

9. 3=7. 
10. y=9. 

11. 3 = 6. 

12. 3=1. 

18. 3=6. 

1. 8-23-3*. 

2. 3*-43-21. 
8. 103*+343-24. 

4. a*-o&-66*. 

5. 23*+ll3-6. 

6. 123*- 263+10. 

Page 60. 

1. 3 = 7. 

2. 3=4. 

8. 3 = 1. 

4. 3=3. 

5. 3=5. 

6. 3 = 1. 

7. 3=3. 

8. 3=3. 

Page 61. 

9. 3=5. 

10. 3 = 6. 

11. 3 = 3. 

12. 3=52. 
18. 3=4. 

14. 3 = 11. 

15. 3=4. 

16. 3=4. 

17. 3= -6. 

18. 3=7. 

19. 3 = 3. 

Page 62. 

1. 33-5, 63-10. 

2. 3 + 6. 

8. 4(3+6). 



Page 62. 

4. 3 + 2, 3(3+2). 

5. 4(3-2). 

6. 1500-503. 

7. 3 times. 

8. 5(3-5). 

9. Length, 3 + 5; 
contents, 3* +5 3. 

10. 3+5 width; 3+4 
length ; contents, 
3 2 +9 3+20. 

Page 68. 

1. 3 = 50. 

2. 3=500. 

Page 65. 

1. Son, 12; father, 36. 

2. James, 13; 
John, 19. 

8. 4 hours. 

4. 1 mile. 

5. 6 hours. 

6. 20 days. 

7. Wages, $4; * 
board, $2.50. 

8. Children, 30 cents; 
women, 90 cents ; 
men, $1.25. 

Page 66. 

9. 12 years. 

10. Harness, $50^ 
horse, $150 ; 
carriage, $200. 

11. Elephant, 10 feet; 
giraffe, 16 feet. 

12. 32 sheep. 

18. 30 boys; 42 girls. 

14. 12 by 15; 18 by 10. 

15. 12 cents. 

16. $1000. 
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Page 67. 

17. $1000. 

18. 5 boys ; 37 girls. 

19. 3 miles. 

20. $6. 



Page 68. 

1. 3=5. 

2. y=2. 

3. 3=6. 

4. 3=4. 

Page 71. 

1. a;=2; y=4. 

2. a;=5; y-1. 
8. 3=7; y=Z. 

4. 3=3; y=3. 

5. 3 = 2; # = 12. 

6. 3=6; y=2. 

Page 73. 

1. 3=4; y = 2. 

2. 3 = 9; y = 3. 

3. 3 = 1; y = 7. 

4. 3=5; y=2. 

5. 3 = 3; #=-2. 

6. 3-= -2; y = 3. 

7. a; = 8 ; y = 4. 

8. 3 = 12; y = 10. 

9. 3 = 1; #=4. 
10. 3=*9; #=4. 

Page 74. 

1. 3 = 9; y=5. 

2. 3=4; y=7. 

3. 3=1; y=6. 

4. 3= -4; y = 5. 

5. a;=4; y=l. 

6. 3 = 10; y~l. 

1. 2 and 1. 
22 



Page 75. 

2. 11 and 7. 

3. 7 and 13. 

4. Bice, 8 cents ; 
sugar, 9 cents. 

5. Coffee, 28 ; tea, 66. 

6. Calico, 8 ; muslin, 

10. 

7. Cows, 30; calves, 6. 

1. 403. 

Page 76. 

2. 103+ 25 y. 

3. 3+y = 16. 

4. 1003+90^=1500. 

5. 3-10. 

6. y+10. 

7. A, 3+6; B,y-6. 

1. Man, $1.20; 
boy, .30. 

2. 4 and 8. 

3. Butter, 20 ; sugar, 

9. 

Page 77. 

4. Goods, 15; eggs, 12. 

5. Lead, 4 ; iron, 5. 

6. A, 15; B,12. 

7. Chickens, 30; 
ducks, 40. 

8. Corn, 4 ; oats, 8. 

9. 24 at 14 cents, and 

16 at 24 cents. 

10. Muslin, 10 and 20 

yards; linen, 20 
and 40 cents. 

Page 78. 

11. Wages, $3; board, 

$1.25. 

12. 7 and 5. 



Page 78. 

13. 180 shad; 2400 

herring. 

14. A, $16 ; B, $6. 

15. At trade, 40 ; cut- 

ting wood, 8. 

16. Men, $8; boys, $3. 

Page 79. 

1. 3 a 2 . 

2. Zabc. 

3. 3o3*. 

4. -33 s . 

5. 3aty. 

6. -46». 

Page 80. 

1. -203 s . 

2. 10y»z. 

3. -2mn*. 

4. — 4a6c. 

5. Zc*d. 

6. -2ay*. 

7. -5a+46-3c. 

8. -10O3- 63* 

+33y. 
9. -23 2 +4#»+8z a . 

10. 7c a -6cd + 3d 2 . 

11. -7&*+86c-3c*. 

12. 8 abc - 10 db % 

+ 2c*. 

Page 81. 

1. 7a 8 -4& + 5. 

2. 7&-8a+93. 

3. 4 be— 53+1032?. 

4. 4a-3d*3+l. 

5. 9ac— 3a3+2y. 

6. 46+7y-2. 

Page 82. 

1. a 8 . 

2. 7 ax\ 
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ANSWERS. 



Page 88. 
8. -6 fa. 
4. bxy-§a. 
6. 2 6-6e 1 d. 

6. 2n-4w < . 

7. 4c*»-7o». 

8. 9a*-10a?+6, 

9. -2a&+5aty. 

10. -8 6 , -2 6c+c 1 . 

11. cxP—axt+cPcxP. 

12. an*-bm*y\ 

Page 88. 

18. 3 6*n»-4o , 6n« 

+2c*n. 
14. 7a?-4y 8 +s 8 . 
16. 2c 8 d 8 -5dy 8 +3. 

16. 2n*y-6 6 8 n 

+4n 8 y 8 . 

17. 9ax-12cxty 

+&a*cx 3 y. 

18. 2a 8 cy-l+8a:. 

1. 2aJ-3s*+a?. 

2. y*-5y*+y*-Zy. 
8. a 8 +7a 8 -4a. 

4. 6«-36 4 +5&H6. 

5. a; 10 -2s 8 -4a! 8 

+6^+3'. 

6. 4s/»+6^»-7y. 

Page 84. 

7. a^qtar+s 8 . 

8. aV+&ty + 33y*. 

9. e 8 +c a a;+ca^+« s . 

10. a+a;anda 8 +3a 2 a; 

+3ax 2 +aj 8 . 

11. a+6anda*-i-2«6 

+ 6*. 

12. a*+2ay+y 8 and 

a*+3aty + 3a?y 8 



Page 84. 

18. a*— CJKF + * 1 and 

a*+s". 
14. a 1 - 6 and a* 

-2a"&+& 8 . 
16* 2 op — 2 and Go 8 

-2a?*-da;+2. 
16. a 8 + aa?+a; 8 and 

c^+aW+aj* 1 . 



Page 86. 

1. 2y. 

2. -2jj. 

8. a*x—ax\ 

4. 6 -a. 

6. a? 8 -a?+3aaj. 

6. a*6 - 6 8 . 

7. -a^-a^-ft 8 . 

8. ad+6». 

9. 4a 8 -fl^+lly 8 . 



4. Bern. 8 x\ 
6. Bern. 0. 



Page 86. 

6. Bern. 0. 

7. Rem. 4 a?. 

8. Rem. 8**: 
8. -17cT. 

10. Bern. 10. 

11. Bern. 0. 

12. Bern. etx+&. 
18. Bern. 0. 

14. Bern, agr+y 8 . 
16. Bern. 0. 

16. Bern. -ab-b\ 

17. Bern. 0. 

18. Bern, —ofa—aa? 

-ar» 



1. 5. 

2. 3+ 



Page 88. 



36* 



60& + 2& 8 * 



8. x. 

6. a. 
6. 3a. 

7.' a* 



8. 264 
9.y+ 



36 



2oft + 3* 
_2£_ 



10. 2d4 



2a?-y* 
9cP 



8c-4d* 
11. 4. 

12. a 

Page 90. 

1. a+6. 

2. c-d. 
8. a+d. 
4. a?-y. 

6. as 8 -2 ay +^*. 

6. 2a+l. 

Page 91. 

7. a^+afy+a^+y 8 . 

8. a?-y. 

9. rf-b. 

10. 3a*+2a?-I. 

11. 3a?- 1. 

12. 4a , -4a6-6& 1 

-8ft 8 
2a-26' 

13. 3c"-2od+d 8 . 

14. 2a+3 6-2c. 
16. cP + ax + & 

a — a? 
16. «•- a*a? + OS 1 
2a* 



-aJ+ 



o + a? 



ANSWERS. 
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Pfcgefl. 

17. «*-<w+af. 

18. x+y. 

19. m 8 -2. 

Page 93. 

1. m , + 2m»+n l . 

2. 4+4aJ+a*. 
8. 6*+66+9. 

4. 4a 8 +4a6+6^ 

5. e*+2cd+d*. 

6. 16+8y+#», 

7. a*+2aa:+a?. 

8. 25a; 2 +20ay+V- 

Page 94. 

1. a*-2a6+6 3 . 

2. x*-2xy+y*. 

3. ra s -2mn+n 4 . 

4. 9-63;+**. 

5. 4-4y+y*. 

6. 9a*-6a6+6 2 . 

1. c*-d». 
2» m*-n*. 

4. 9-s*. 

e.s'-aj*. 

7. »a*-46*. 

8. 25^- 16a 4 

Page 95. 

1. a?+2a#+y*. 

2. 9aH6a6+6 1 . 

3. 4as 8 -8a#+4«/. 

4. 36 -a* 

6. 16a*-16a6+46 , . 

6. a 4 +2a , 6»+6 4 . 

7. a^-2x»+«». 

8. 25# 4 -4s 4 . 

9. 49-286+46*. 



Pfege95» 

10. 16a*+24a&+»6>. 

11. 4a*<?-4ac*d 

12. 16a?V+8^+3/*- 

18. 9ajy-y*. 

14. 4 -a* 

15. 16 -s 4 . 

16. Wft 1 - 2eefrrm 

+ 0*^*. 

17. a?+2a*+a? 4 . 

18. 9a»6 , c 4 -12rt , 6c 4 

+4a , c 4 . 

19. a^-a^. 

20. 4aV - 12a3* 

+9ar*. 

21. 9a?-24a#+l%*. 

22. d*-aH>\ 

23. oV- 4aa*+43 4 . 

24. 4a*+20o6+256*. 

25. ra 4 — n 4 . 

26. a*-#«. 

27. a^a'a^+a*. 

28. a^V+So^Vs 

+a?V^ 

29. 16a*6* + 16d6» 

+46*. 

30. m'n*--2mn 8 +w 4 . 

31. 43»-16y a . 

32. l-eaH^aj*. 

33. 16^+8^+1. 
84. 36 a' -1. 



Page 96. 

1. x+y. 

2. 2a+6. 

3. Se+4d. 

4. 5a?+2y. 

5. 6-e. 

6. 3 m— n. 



P*#ft97. 

7. a+6. 

8. 2-ar. 

9. 4y+5z. 

10. z 4 -* 8 . 

11. a-36. 

12. a:- 3. 

13. ab-od. 

14. 2m-n* 

15. 5a:+y. 

16. 2a;+a6. 

17. 7a:+5y. 

18. m*—n. 

19. x*-x. 

20. «*- x*. 

21. a? 4 -!/ 4 . 

22. ar-y. 

» 

Page 98. 

1. 2,2. 

2. 2, 3. 
8. 3, 7. 

4. 2,2,2, 

5. 2,2, a. 

6. a, 6 7 c. 

7. a, a, 6. 

8. <3> c, a ■ 

9. c, c, a^ at 

10. x, x, y. 

11. 2, 3, a, a, a;. 

12. %%%x,y,y. 
18. 3, 5, w, m, n, n. 

14. 2,2,3,4, d, d,d. 

15. 2, 3, 3^ a, a, % a\ 

1. a. 

2. a?. 

3. y. 

4. a. 

5. fir 

6. a?. 
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Page 98. 

7. Zy\ 

8. 77171. 

9. a\ 

10. ax. 

11. aty. 

12. 36 s . 

13. a, x+y+z. 

14. <*&,<#-&. 

15. 2y, s+y. 

16. 4, a 8 +l. 

Page 99. 

1. cr(a+y). 

2. 2(a+a). 

8. 3d(c+d). 

4. 4 #(:*;- 2 y). 

5. ab(c—b). 

6. aa;(a-3a;). 

7. c{d+x+y). 

8. 2a(a + 6+4 

9. a(a s +2a6-6«). 

10. y(3x 2 -3xy+y*). 

11. 3a(26-4c+3#). 

12. b&{a*b+cxy). 
18. 233/*z(4a: , -7s). 

14. 4c*d«(3c-d). 

15. 10axy(5x+7y). 

16. 12m 2 7i 2 (7n+2n 

—5 a;). 

Page 100. 

1. (c-d)(c-d). 

2. (c+l)(c+l). 

3. (2d-y)(2d-y). 

4. (m+n)(m+n). 

5. Not a square. 

6. Not a square. 

7. {2x+Sy)(2x+Sy). 

8. (5+a;)(5+a;). 

9. Not a square. 
10. (x*-2y)(x 2 -2y). 



Page 100. 

11. (a*-a){a*-a). 

12. (x*+x*)(x*+x>). 

Page 101. 

13. (2+xy)(2+xy). 

14. (4a;-y)(4a;-y). 

15. Not a square. 

16. Not a square. 

1. (c+d)(c-d). 

2. (a+6)(a-6). 

3. (m + l)(m-l). 

4. (a 2 +6)(a 2 -6). 

5. (a^K* 8 -^). 

6. (a6 + c)(a6-c). 

7. (m+wa;)(m— wa:). 

8. (l + a?)(l-a?). 

9. (3a; -f 2y)(3a; 

-2y). 

10. (4 ab + a;) (4 a& 

— x). 

11. (5+a 8 )(5-a 8 ). 

12. (a 8 +6*)(a 8 -6 4 ). 
18. (a+7 6)(a-7 6). 

14. (ay* + s 8 ) (ay 8 

-2 s ). * 

15. (2a6 8 +5a; 8 )(2a& 8 

-5 a; 2 ). 

1. (6+a;)(6+a?). 

2. (ab+c)(ab+c). 

3. (2a;-y)(2a;-y). 

4. (3 a; + 4y*)(3a; 

-4jf). 

5. (a^Ha*-^). 

6. Not a square. 

7. (a^+y 8 )^-^). 

8. Not a square. 

9. Not a square. 
10. (a*x + Sy 1 ) {cfix 

-3y 8 ). 



Page 101. 

11. Not a square. 

12. Not a square. 

Page 102. 

1. (a + 6) (a 8 - ab 

+6 8 ). 

2. (a - 6) (a* + a* 

+ &*). 

3. (a; + y) (x* - x*y 
+x*y i —xy i +y i ). 

4. (a; - y) (x* + x*y 

+ x*y* + afy 8 
+a?y+ay 6 +#*). 

5. (ab + c) (a*6* 

-a6c 8 +c*). 

6. (a; + y) (x* - ay 

7. (cd - a;) (c*d* 

+cdx+x*). 

8. (l+a;)(l-a;+a?). 

9. (a - 1) (a* + a 8 

+ a 2 +a-i-l). 
10. (l-6)(l+6+6 8 ). 

Page 105. 

1. a(a+b)(a — 6). 

2. 2a;(a?-y)(a;-y). 

3. 3a(a+l)(a+l). 

4. axy(x-y % ). 

5. 5 c*a; (d + 3) (d 

+2:). 

6. (a;+2)(a;-2). 

7. 3(a?+l)(a; + l)(a; 

-1). 

8. 2(2a;-l)(2a;-l). 

9. a;»(a;+2)(a;-2). 

10. 5z*(a;+2)(a;-2). 

11. (x +y){x* - xy 
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12. (x+y)(&^xy 
13b 4ax{x*y){p£-.zy 

14. 2a(9a* + 12 ab 

+ &*). 

15. 5a(2 : a- l)(4a* 

+ 2a+l>. 

16. 7. a*(a*- + **) (a 1 

-f^Xa* a) (a 

i&a&2^(«*& 2 +3y) 

18. 3e»(c*+l)(c J +l). 

19. 4«(o 1 +a6+^). 

20. 6(2+**X2-3*). 

1. 6a». 

3. 5 and 7. 

4. 

5. & and 8. 

ft. 0. 

7. 5. 

8. 6. 

9. 8. 

10. 3. 

11. -1%. 

12. 8. 

13. 14. 

Page 108. 

1- <&b\ 

2. x*yz. 

3. ab 2 x*y> 

4. mPntzPy*. 

5. a*<*d?x*> 

22* 



FsgelOS. 

ft. orotarfy. 

7. o%V« 

8. am*n*y*z\ 
9k aW/. 

10. a*ca^V, 

1. 12. 

2. 12. 

3. 30. 

4. 12. 

5. 12. 
ft. 24. 

7. 14a»ty 

8. 20O3 8 . 

! 9. 18 asV- 
! 10. 6 a 8 nfy. 

11. 12 *y. 

12. 12 aty*. 

Page 100* 

1. a^(a+a;)^ 

2. ax(x-y)(x+y). 

3. 4(a-6)(a+6). 

4. ax(a—x)\ 

5. 3(x+4)(ie-5). 
ft. 4(*+ft)«. 

7. 10(a+y)»(a-y). 

8. 6a(a:+y) 8 (a?-y). 

9. x(x+l)(x+2). 
10. (a + 6>(a + c)(c 

+ 6). 

Page 110. 

1. 6 a*- 09 s . 

2. 4afy 2 — 42^. 

3. xi+zPy-xif-yP. 

4. &dx—(?cPx. 

5. a 4 -2a'6 2 +&*. 
C. a 6 + a 6 .c - a*^ 1 

-2a*e*-a,V 
+aa! 6 +a£ 
B 



FagellO. 

7. 20 6 4 c - 5 6*e^ s 

8. 8a 8 6-4a*6 a . 

9. IStfxy'+lSa'bxy' 

- 18 a& s a#* 

- 18 &xy*. 

10. 16 t*<P + 24 Vd* 

11. 3*-y*. 

12. amna;ty+ 

awiwa^*. 

Page lit. 

1. a*-6?. 

2. x*-y\ 

3. a 4 +2a 8 6+a I 6*. 

4. 3a^-6a^r+3a^ s . 

5. c*-<p. 
ft. a*-ab\ 

7. a^-y*. 

8. a*- 6*. 

9. 8a 2 a?y-8 6^. 



1. 



2. 



3. 



4. 



5. 



ft. 



7. 



8. 



9. 



Page 118. 

a 
2n 
3xy. 
Aaz 

1 

— — — — • 

Zacx 
mn^ 
2ay 
2d 

— • 

by 

hbnz 

* 

Ixy 

x 

a—b 

*+y - 

y{<i-y), 

3a?4:2 
2(4 #-3)' 
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ANSWERS. 



Page 118. 



10. 



y 



Page 114. 

2c 



3d 2 

3a 

46* 



1. 

2. 

8. — -* 

2 mn*x % 

4.1*!. 
4aa: 

6c# 2 

2dV 
- 2/n*w 
# 3a s 6sV 

8. |. 
10. 



26c 



1. 



Page 115. 

1 



x+y 



x + y 
6 



8. 
4. 



a 2 +6 
1 



x + y 

a; + y 

x-y 
a % —ab 



Page 115. 

ft 2a 2 +36 2 -4ac 8 
6 6H5 05+ 2 aa?»' 

10 SaxW-7ay\ 

8afti+2a^V 

11. ^+xy+y\ 

x-y 

12, *"£_ . 
a^-a^+y 2 



18. 



14. 



a— 6 
a + 6 

2a+2x 
3a-3a? 



I I- 
2. 
8. 
4. 
5. 



Page 116. 

1 



a? + y 

n 
m 2 — n 2 

1 
c+d 

a + 6 

— _ — • 

a— 6 
a + x 



8. 



a6+6 2 





a—x 


6. 


f. 


7. 


a+6+c 


x+y+z 


8. 


2 
x-y 


9. 


c + d 
c 


10. 




11. 


a; 


12. 


a+1 



Page 117. 

1. x+y. 

2. a+6+ 



a 



8. 2c+3d-t 



4<P 



4. ^+1. 

• J d 

5. 1 — • 

c 

6. 3 + 1+ — 

7. ha+ly+y\ 

8. — +a;+y. 

9. 3a+6ac+4d\ 

ia. 1+5+4 

a a 2 

Page 118. 
1. x*+Zxy. 

9 om -3o6 2 +36 8 
a 2 — 6 2 

8. 2c+ — r-j— 

3c-2a 

4. x* + afy + aty 2 

+xy*+y*. 

5. a 6 - a*6 + a s 6 2 

-a 2 6 s +a6*-6 5 
26« 
a+6 

6. x* - xy + y* 

_ 2^. 

s+y 
2d 8 



a:+y 



f-^-c'-cd+d 2 

8. a 2 -7a6 + 86 2 

, -21a6 s +246* 
+ a 2 -36 2 

9. x — ^— 

x+y 



10. «+ 



j£_. 



a?-y 
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Page 118. 

xy 
a 2 a 2 b + 2 ab* 

2ab 
^ 4x*y - 4x*y* 

x-y 

Page 119. 

a;+y 
a 2 +2o&+6 2 



5. 



6. 



1. 



2. 



8. 



4. 



a+6 

4 m*n+ 8 rriW + 4 win' 
4 ww* 

ca; + a& 
x 

m 
a*+ab+c? 

a 
a*—x* 

a 



5. i>x-cx-y \ 

x 
a ax+x*+y % 
a 

7. If 

5 
a'+aft+a? 2 



9. 
10. 



1. 



a+6 

a 2 + 6 2 
a 2 

Page 120. 

2a 2 +a 6 + 6 2 

■ ■ — — ■ ■■ ♦ 

a 



a? 



4. 



6. 



Page 120. 

2ab 
a+6 

14 tf - 12 cd- 8 <P . 
3o 

Page 121. 

x*— lax-la 1 — Gay— Sxy t 
2a+x 

ax+bx+ay+by—c—d t 



x+y 
7. 0. 

-2a 2 &+2o6 2 +6» 



8. 

1. 
2. 



a—b 



rrir 



m+n 
-6» 



a-6 
g. x*-4xy+y\ 



4. 
5. 



a?-y 
2ab 
a + b 

8c+6d 

■ ■ ■• 

5 
3a+196 



7.-2- 
x+y 

b 



8. 

9. 

10. 



a—b 
m 
m—n 
x t 

y 



Page 123. 
I x 9 Sxy Sa t 



2. 



3a; 2 ' Sai 2 ' 3a* 

ab—ac b*+bc 
b*-d" b*-<* 
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8. 



ac— ad bc+bd o* 



c^d 2 ' c^-d" **-<? 

Page 124. 
- w'w-ffln 8 amP—amn 2 

mn 2 x-n*x rnn*y+n*y ^ 
mW—n* ' rriW— n 4 



5. 



40a 206 Ifrc, 12a # 
120' 120' 120* 120* 



a a( a-b)* 66 2 (q-6) 
6(a-6) 8 ' 6(a-6) 8 ' 
6a 2 6 

6(a-6) 8 " 

7 7 0*0+14 060+7 6*0 
35a 2 + 70a6+35 6 2 ' 
5a 8 + 10a 2 6 + 5a6* 
35a 2 +70a6 + 3S6 2 ' 

35 a6 + 356 2 

35a 2 + 70a6 + 35 6 1 ' 

35 a 2 
35a 2 + 70a6 + 35 6 2 ' 

8. 2s 2 -2 y 2 x^-x y 2 xy % 

x*-xy 2 ' x*-xp 2 } op-xy 2 



9. 



a*-f2a 8 6 + a 2 6 2 | 
a*-2a 2 6 2 +6 4 ' 
a 8 6-2a 2 6 2 +a6 8 

a 4 -2a 2 6 2 +6 i ' 
a 2 6 2 -6 4 

a 4 -2a 2 6 2 + 6 4 ' 



8 a^+SarV . 
x*—x*y 2 

+ acd b 2 d be* 

i # — — » — . — » • 

6cd 600" bad 



jPHgB 124* 

2CKC 1 6x c 
# 1 » • 

X* X* X* 

o a-6 a+6 

O* — I ~ » 



a 2 -6 2 a 2 -6 2 

4. _^L, -<£_ _^_. 
aajy aaty 2 ax*y 2 



5. 



6. 



a* 



x 2 —y 2 x 2 -y 2 zt-y* 
c 2 -2 cd+d?« c 2 



7. &. 2. 

8. 6 2s-2y 

* x 2 — 2 ay + y 2 a*- 2 ay + y 2 

o a 2 -2aa:+ar 2 a 2 + 2«x+a: 2 



a 2 —x 2 



a 2 -* 



10. ?£±2|f, _?^_, 
xy 2 +y* xy 2 +y* 

Page 125. 



2. 



1. if 

41a? , 
24* 

Page 126. 

a6d+2 6c+6d 



8. 
4. 
5. 



2bd 

ax*+bx+c 
x 2 

7a+3 6 
12 



6 . 1±±3*. 

7?-y 2 



7. 
8. 



c 2 +d 2 
cd-cP 

3x 
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9. 

10. 

11. 

12. 

13. 
14. 



Page lie. 

2a?+2a fy + 2ay^j #*. 

ax*-axy+b*z + cx*-ctf' _ 
x*-xtf 

a' -2a- 8* 

<#b&d 
m 4 4- 2m*n +2m'n*- fflft 3 - 

2aHa6 + 6* 
a 3 -6* 



Pagel2& 

»• y (- d- 

ay 



n* 



erf +6* 



2. 



d a 



8 . **+* 
x*vxy 



4. 

5. 
6. 



2a 



a*-6* 

4a^ 4c 

6 
2a+6 



a 8 - 6 s 

- cy+dz + <& _ 
axy 

g. a?g + a?+y . 
2a 



9. 
10. 



a*— «* 
2a; 



11. *±£ 
ay 

10 a+6+c - 
a+o^H? 



l. A- 

8 
a 8 -6> 



Page 127. 



2. 
8. 
4. 
5. 



o6 
4^d . 



a: I +2ay+y* 

ay 
2+2a-6 



7. 



12 



8 5ay-3a*+2y» 
a; a -y 2 

«* - y* 



10. 



1. 



3a6 
a'-fc 8 ' 

6— a 

- 

a& 



A bx ~ a v . 

by 

8. g+y-<». 

aa+cqy 

* c»+cd-3' + ay _ 

ca; 
^ ax-bx-by . 
x*+xy 
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ANSWERS. 



1. 
2. 

8. 

4. 

5. 

6. 
7. 

8. 

9. 
10. 
11. 
12. 



Page 128. 

a 9 +4ab+b\ 
a 2 -b 2 

a#* 
&«-26 2 c*-26c»-2c 4 

-a*+16a; 2 +82 a;-100 
5a?-5a;-60. 

3a? a ~ Zxy 
x*-y 2 

2x 2 +2ax-2a 2 1 

a 2 x—x* 
a 2 + b 2 
a 2 - 6 2 ' 

a; 2 -+ 8a? - 4 
2ar 2 -8 ' 

4 a; 2 - 2xy—y 2 _ 
x*—2x 2 y+xy 2 

a 2 -l' 

2a?+l . 
4 -a; 2 ' 

a 2 + 3 aa;+ 4 a&- 36a; 

______^__ ____— ^— — • 

a;* -a* 



Page 129. 

- , 2a;-4aw 

1. 3a#+ — = =*• 

* x 2 —y 2 



2. c*+ 



26 



a 2 -6* 



8. 2a;+ y+ 3s+^^ 
4. a— a?-y+— r^ # 
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K x 2 + 2xy+y\ 
xy 
-a? + 2a 2 b + 6* 



2. 



a& 



8. 



Page 180. 

12* 



4. a? ~ 3 y. 

Page 181. 

1.?* 



2. 



8.^ 



by 

ab 
d' 

ax 
b 



K cm 
an 

6. a 2 c 2 . 



7. 



Page 182. 



a 



x*z 

9. 4 ^ 

6 2 



10. 
11. 



d 

— • 

a 

A. ax 



3 

12. 14y. 
18. 10 a;. 

14. 9 a;. 

15. 8. 

i wx + oy 

ab 2 + 6 s ' 
2. *=*. 



8. 
4. 

5. 



Page 182. 

JL. 

a+6* 

ac— b e 
d 

6-3a: 



6. x i - 2afy 

+ a?V. 

- Zab 
7 'Acd 

8. a 2 -ax. 

9. 2^r_2£. 

a; 

a + a; 



10. 



a-a; 



Page 188. 

1. *^l. 
o 



2. 



a±b m 
a-b 



8. *+* 

x-y 

a a* 

. » 

5. 3a;. 

a; 2 

7. *=* 

x + y 

••-?• 

9.2J*. 

io. a 

11. 8+2a;. 
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Page 138. 

12. 8Z-24. 

13. 3a\ 

14. I62. 

15. x- 2. 

16. 8- 4a?. 
6a; -15 



17. 
18. 
19. 
20. 
21. 



4 

ar+7 

— — ■ 

3 

Zx-5 
2 

2+4a? 

— _ • 

3 

3a?+4 # 
15 



22. 2 t~. 
6 



1. 



Page 134. 

ad 
be 



2# qy + by. 

ex + ax 



x 



3. 

x-y 

4. 1. 

5.2. 

a; 



6. 



a + a^ 
a — x 



7. ?-*• 
• x+y 

8, cftZ-a xy+xty 

x 
1 



9. 



x + y 



10. 



11. 



12. 



13. 



14. 



Page 134. 

_1_ # 
a + b 

a*+4x* 
a 2 +4aa?+4a?* 

a; 2 +10a;+25 
a?-2a?+l ' 

27? 



y> 

15. £±*. 

y 
16. *±2. 

2 



1. 

ay 

ax 



Page 135. 

6a? 



a* -6* 



V. 


ac 


4. 


4aa? 


4a#+y 2 


5. 


ay , 


ca;+cy 


6. 


a+x. 


7. 


mhi 



xty-xy* 

8 — 14 — • 
* 3a + 3 6* 



9. 
10. 
11. 



a;-l 
a+b 

— • 

6 

2ac + 2c 2 



a 2 -2ac+c* 



Page 135. 

12. ^^!_- 2 ^!i^*. 

x*+x*y 
a?+ab. 



13. 



14. 



b 

a—b 
a+b 



15. -2-t*. 
a-a: 



Page 136. 

2x x 

2. 8 3 *+5y+36. 

3. 6a;+5y. 

4. 28+ 6a;+35a;. 

5. 14+3 +20 a:. 

6. a; 2 +2a;+3. 

7. 2 s+6+40 a?. 

8. 6a?-3+8a;+6. 

9. 5+3a;+9. 

Page 137. 

10. a?+2+a;-l. 

11. 8a?-3-a?. 

12. 40a?+2a?+4y. 

13. 24y-12y+4a;. 

14. 2x+2y—x+y. 

2x -4 

3 * 

16. 2a;+l-2a?+l. 

17. 3a?-9-4a?. 

18. a 2 -2a&+6 2 -a 2 

-2a6-6 2 . 



15.8a?-a;-l + 



Page 141. 

1. x = 4. 

2. x = 10. 
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ANSWERS. 



Page 141. 

8. 2-4. 

4. 2=8. 

5. 2-13. 

6. 2-5. 

7. 2=6. 

o. 2 — a. 

9. 2-2. 
10. 2=9. 

11. 2 = 4. 

12. 2-12. 
18. 2=5. 

14. 2-2. 

15. 2-22. 

16. 2-12. 

Page 142. 

17. 2-7. 

18. 2-3. 

19. 2-3. 

20. 2-9. 

21. 2-5. 

22. 2=7. 

23. 2-12. 

24. 2-2. 

25. 2=3. 

26. 2-3. 

27. 2-f. 

28. 2-4. 



Page 148. 

1. 2 = 2. 

25. 2 = 2t* 

3. 2=4. 

4. 2=9. 

5. 20. 

6. 28. 

7. 15. 

8. 54, 55, 56. 

9. 6, 8, 10. 



Page 148, 

10. 8. 

11. 21. 

12. 9. 

Page 146. 

1. John, 16; 
James, 14. 

2. 15. 
8. 12. 

Page 147. 

4. A, 28; B, 20. 

5. Father, 60; son,40. 

6. John Adams, 41 

and 91 ; Thomas 
Jefferson, 33 and ' 
83. 

7. 40 cents. 

8. 12 in the first, 24 

in the second, 
30 in the third. 

9. B, $200; A, $800. 

10. $300. 

11. $6. 

12. $140. 

Page 148. 

13. 96 miles. 

14. Walk, 31 ; ride, 7. 

15. 3 miles an hour, 

and 6 miles an 
hour. 

16. Sailing vessel, 100; 

steamer, 300. 

17. $1200. 

18. $400. 

Page 149. 

19. $11000. 

20. $75. 



Page 149. 

21. 3} and 4J miles 

per hoar. 

22. A- 
28. f. 

24. 1234. 

25. $100. 

26. A, 2 hours; 
B, 4 hours. 

Page 151* 

1. 2=7; y=2. 

2. 2-8; y=5. 

Page 152. 

1. 2=2; # = 4. 

2. 2=5; y=7. 

Page 158. 
8. 2-9; y=4. 

4. 2=6; y-10. 

5. 2-5; y=9. 

6. 2-3; y=8. 

Page 154. 

1. 2=4; y=-l. 

2. 2=7; y=3. 
8. 2=3; y-Jw 

4. 2=12; y«4. 

5. 2= -4; y-5. 

6. 2 = 10; y = 4. 

Page 155. 



1. 2 = 4 

2. 2=7 
8. 2-6 
4. 2=9 



y=-5. 
y=2. 

y=l. 
y=4. 



Page 156. 

1. 2-13; y-4. 

2. 2=7; y-f 
8. 2=5; y-6. 
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Page 156. 

4. 3=8; y=-4. 

5. 3 = 2; y=6. 

6. 3 = f; y = 2. 

1. 3=12; y=2. 

2. 3=-5; y=— 5. 
8. 3=7; y=f. 
4, 3=20; y=8. 

Page 157. 

1. 3 = 8; y=2. 

2. 3*8; y=-2. 

3. 3=4; y=5. 

4. 3=9; y=-4. 

5. 3=6; y=4. 

6. 3=6; y=8. 

Page 158. 

7. 3=7; y=2. 

8. 3= -2; y=8. 

9. 3 = 5; y=-7. 

10. 3 = 8; y=l. 

11. 3=4; y = 3. 

12. 3=11; y=8. 

13. 3 = J;y*|. 

Page 159. 

1. 3=5; y= -25. 

2. 3=8; y = 2. 

3. 3 = 2; y=-6. 

4. ,£=$;#*=$. 

5. 3=4; y=6. 

6. 3=4; y=f 

Page 162. 

1. 3 = 4; y=3; 

2 = 1. 

2. s = 2; y=5; 

2 = 4. 

3. 3=8; y=6; 
»=6. 
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Page 162* 

4k 3 = 4; y=5; 

fc=2. 
5. «=6; y=4; 

2-2. 

Page 168. 

1. 3=5; y = 4; 
2=2. 

2. 3=10; y =7; 
«=3. 

1. 3=4; y-7; 
0=2. 

2, 3 = 10; y=9; 

2 = 8. 



Page 164. 



3. 3^ 

z 

4. 3 

2 = 

5. x- 

z- 

6. x 

2 

7.3 = 

z- 

8. 3 = 
2 = 

9. 3 = 

z- 

10. 3 = 
2 = 

11. 3 

Z 



8;y=6; 

3. 

12;y = 10; 

3. 

9;y=4.; 

2. 

4;y = 7, 

3. 

8;#-2: 

3. 

7;y=2: 

1. 

5;y=6: 

2. 

6;y«2 
3. 
7;y = 2 

1. 



Page 168. 

1. 3 = 3;# = l;z = 4; 
u = 2. 

2. 3 = 5;y = 4;2 = 3; 
tt=2. 



Page 168. 

3. 3=8;y=3;2 = 2 

tt = l. 

4*3=3;y=4;2=2 

tt = l. 
5. 3=7;y=2;2*-4 

tt=-3. 

7. 3=4;y=6;2=8 

Page 170. 

1. A, 16 ; B, 21. 

2. 20 and 32. 



Page 171. 

3. 56 and 40. 

4. 82. 

5. f 

6. A, 18 ; B, 9. 

7. Father, 10; son, 

15. 

8. f. 

9. 42. 

10. 36. 

11. A, 25 ; B, 16f . 

Page 172. 

12. 40 and 32. 

13. 12. 

14. 42 Bheep ; 2 oxen. 

15. 20 and 80 hours. 

16. 4 tops; 24 cents. 

17. 65. 

18. B, $800 j A, $600. 

19. Chickens, 40 ; 
geese, 80. 

Page 173. 

20. 8 cows ; 30 sheep. 
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Page 173. 

1. 15, 12, 10. 

2. 40, 54, 36. 

8. Wrist, 8 ; hand, 5 ; 
fingers, 14. 

4. Height of monu- 
ment, 220 feet; 
height of pyra- 
mid, 480; base 
of pyramid, 764. 

6. A, 12 days ; B, 15 
days; C, 20 days. 

Page 174. 

6. Man, 42 ; sons, 70 

and 105. 

7. 459. 

8. European, 94 ; 
Bushmen, 77 ; 
gorilla, 29. 

9. A, $500; B,$700; 

C,$400. 
10. 32 and 24. 

Page 175. 

1. Tail, 10; head, 22; 

body, 63; whale, 
95. 

Page 176. 

2. Muslin, 10 cents; 

linen, 30 cents. 
8. 9 quarts. 

4. $ and f . 

5. 20, 16, 18. 

6. 30 gallons. 

7. 1 pound saltpetre ; 
1 pound sulphur; 
8 pounds charcoal. 

8. j of a month. 



Page 177. 

9. Voyage out, 70 ; at 
West Indies, 96 ; 
return voyage,58. 

10. 4£ of heavy oats ; 
1J of light oats. 

11. 40 and 51 pounds. 

12. Man, 2| miles ; 
son, H miles. 

18. 30 cents. 

14. Height of tower, 
60 feet; track 
above water, 245 
feet; length of 
bridge, 821 feet 

Page 180. 

1. a 5 . 

2. 49. 
8. 27. 

4. a* 

5. aW. 

6. cficP. 

Page 181. 

1. aW. 

2. aVy. 
8. c 14 d»3 7 . 

4. oY ^. 

5. *V. 

6. a*cfid*z 12 y u - 

7. dhnWx 10 . 

8. b*<Pm*>x*. 

9. aW&Y- 

Page 182. 

1. 9*V. 

2. -lSSmW. 

8. 8o 9 c 15 . 

4. 16 x u z*. 

5. 36a*sy. 



Page 1*2. 

6. --aV«" 

7. lOOOOofeV 1 . 

8. lGmWV- 

9. 81 a*c*z*. 

1. 3a 4 ^. 

2. 4aty>. 
8. 3 a 4 * 6 . 

4. 72 a*. 

5. 216aty. 

6. 5a»s». 

7. 36a 4 6 4 *y. 

8. 4sy. 



1. 



2. 



8. 



J*. 
46*' 

~27aW 
16 & 4 s» 



4. «*£^ 
m 8 s 16 

6 8 dV 



5. 
6. 



7. ^ 



8. 
9. 



9aV 

49 a»s» 
a*c 4 cP * 

1 
27 a 8 **" 



Page 188. 

1. a»+2 «&+&*. 

2. a'-^as+s*. 

4. a: 2 - 4a^ + 4y*. 
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Page 183. 

5. 16 + 8 £+3*. 

6. 9m 2 + 12mn+4n«. 

7. 25a , -60a6+366 1 . 

8. 9aV + 12aa^+4ar*i. 

9. 16-24y+9y». 

10. 4ar , -4s , +a? 4 . 

11. 25#«-20y 6 +4y 4 . 

12. 9a*+6aty+0». 



Page 188. 

1. x 8 -3a^+3a^ , -y*. 

2. 27a»-54a , 6+36a6 , -86». 
8. a*+ 8cAr + 24aV + 32 as" 

+ 16s*. 
4. 64x> - 240afy + 300a^ J 
-125y». 



Page 187. 

1. 3?+Z&y+Zxy*+tf. 

2. a'-Sa^+lOaV-lOaV+Saa? 4 -^ 6 . 

3. & +7 <*d+2l&&+& &&+&<*& +21 c*dP+1 cdfi+a*. 

4. m* - 8 m 7 n + 28 mW - 567W 6 n^+ 70 m 4 /* 4 - 66m*n 6 + 28 mW 

- 8 mri* + n 8 . 

5. 6 6 +66 6 c+15 6*c 1 +206 8 c»+156 2 c 4 +66c 5 +c 6 . 

6. a 6 +5a 4 c+10a 8 c , 4l0a , c 8 +5ac 4 +c 5 . 

7. c^+8c 7 d+28^d^+56c 5 d , +70c^d 4 +56c 8 d'+28c , d^+8ccr+d 8 . 

8. ra•^-6m 6 n+15m 4 n , +20m 8 n*+15mV^ 4 H-6mnHn•. 

9. a*-4a 8 a;+6a , a; , -4aa^+ar*. 

1. i?-Z&y+Zxy*-ip. 

2. a 4 + 4a*6 + 6a t 6 , +4a6 , +6 4 . 
8. c , + 3c*<i + 3ccP+d». 

4. a^+Sitty-tlOaV+lOzy+Sa^+y 5 . 

5. m 4 -4m*n+6 mW - 4 mn 8 +n 4 . 

6. a 6 -5a 4 &4a0a l & , -10a , & 8 +5o& 4 -& 5 . 



Page 188. 

1. 8a k +12a% + 6aA 9 +6». 

2. Sla?-10Sz i y+b4zy-12xy*+y i . 

3. c 6 4 10 c 4 ^ 40^0^80 0*0*+ 80 cd 4 + 32 a*. 

4. z l *+6z 10 y*+lb2*y*+20xty+15zY + Gxy*+y 1 \ 

5. 2o6y 4 +256^ a 2 + 96yV+16y2 8 +2 4 . 

6. y 8 +4y 7 +6^+4# 5 +#\ 

7. la^-fzHe^-S* 8 . 

8. a 8 x t +4aV+6o 4 ^+4aV+2 4 . 

W# ^ + 4 + * + 82 + 266 t024 
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Page 188. 

1, x* + 3sty+3a#* 

2. a* -Satx+Saz* 

-s 8 . 

+n». 

Page 190. 

1. 3. 

2. 4. 

8. l&y. 

4. 2a*c. 

Page 191. 

5. %a % mx*. 

6. 9xy*. 

7. c 2 a*. 

8. 3 &£*#*. 

• 

Page 192. 

1. ±3. 

2. ±2a. 

o* &X • 

4. =±=aty. 

5. —m?r$. 

6. ±2aW. 

7. ±9a^. 
8.-3 c'cPz. 

9.2aty i - 
10. 2a 8 6 8 c*. 

Page 194. 

1. x-y. 

2. 3a+4. 

3. c-5a\ 

4. ax— 2. 

5. a 8 +a 2 +a. 

6. a*+2a;-l. 

7. a*-2a+x. 

8. 6 8 -26+3. 



Page 194. 
9. a % *-ax—x*. 

10. 5^-2^+3* 

Page 195. 

11. x+y-z. 

12. c+d+m. 

13. a*-s3«a5-a£. 

14. ax+ay+ff. 

15. a^-2a;H3a?-2. 



Page 196. 



■ 



1. x- 

2.y* 

3. y 

4. s= 

5. x- 

6. *' 

1. £* 

2. X' 

3. a; 

4. x 



=t5. 

il 

±8. 

=4=10. 

±1. 

*4=4. 

±5. 
=4=10. 
=4=7. 
±9. 



Page 197, 

5. #- «. 

6. #=4=5. 

7. i-i7. - 

8. «= ±10. 

9. ««=t«. 

0. x= =4=8. 

1. a==J=6. 

2. »-±i 

3. #- ±3. 

4. x= =4=6. 

5. a;=»±4. 

6. s*==4=& 

7. a- ±2. 

8. #==4=6. 
9* a?==4=5. 

20* *==*=!. 



Page 197. 

21. x= ±2. 

22. »= ±9. 

23. z==4=6. 

Page 198. 

1* rc = 7; y = 5. 

2. x = 8 ; y = 5. 

3. # = 7; y = l. 

4. s = 3; y = 2. 

Page 200. 

1. *=7or -4; 

# = 4 or —7. 

2. tf=6or2; 
y = 2or6. 

3. £=10 or -2: 

# = 2 or -10. 

4. *=9 or —6; 
y = 2or -3. 

Page 201. 

1. a?- ±6 or ±3; 

# = ±3 or =4=6. 

2. a;==4=10or ±6; 
y = =t 3 or =t 5. 

<3..a?= ±f or ±f; 

y ^=t|or ±V. 
4. a;= =4=20 or ±7; 

y= ±7 or =4=20. 

Page 202. 

1. a+6. 

2. a+4. 

3. Not a square. 

4. x+2y. 

5. 2 a;+ 2y. 

6. Not a square. 

7. s-3. 

8. £+4. 



AJ&WXM8. 
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10. Not a square* 

11. 3+7. 

12. 3+J. 

13. 2z-ry: 

14. 23-3y* 

15. y-f 

16. 3+ J. 



Page 203. 



5. 



1. 3-y = 

2. 64. 
8. ±7. 

4. 4. 

5. ±4. 

6. 2. 

7. 16. 

8. 4. 

9. 12. 

10. 36. 

11. ±& 



Page 204. 

12. 4. 

13. 2. 

14. 0. 

15. 0. 

16. 4. 

17. 12ay. 

18. 1. 

19. 4. 

1. x = 6 or 1 ; : 
y = 1 or 6„ 

2. 3 = 3; ,y = 2. 

3. 3= =4=7 or =4=4; 
y = =1=4 or =4=7. 

4. 3 = 5 or 3; 

# = 3or$. 

23* 



Page 205. 

y= ±lor =4=3. 

6. £=5 or ^-2^ 
y = 2 or —5. 

7. 3==*=3; y=» =4=4 
8,, »=9or -2; 

y=2or -9. 
9. 3= =4=7 or =4=5; 
y = =4=5or =4=7. 
lOt 3 = 4or -2; 
y^lor-2. 

11. 3=4 or 1; 
y«*3orl2. 

12. 3=4; y— 4. 

13. 3=5 or — 3;* 
y=3or —5. 

14. 3«4«r —2; 
y=2or — 4. 

1. $10. 

$,, 16 acre*; $4&per 
acre. 

Page 206. 

3. 8 rods and 6 lods. 

4. 12 rods and 7 rods. 

5. 32 yds. and 20 yds. 

6. 100 ft. and 30 ft. 

7. Length, 10 rods ; 
price, $6 per rod. 

8. 12 rods and 9 rods. 

9. First, 10 yards at 

10 cents; second, 
6 yards at 14 
cents. 

Page 807. 

1. 6 or 2. 

2. 2 or -8.. 

3. -5 or -rll. 

4. 14o*4> 



Page 207. 

5. 11 or 9. 

6. 6 or -14. 

7. -2 or -8. 

8. 9 or 7. 

9. 9 or -7. 
10. -lor -5. 

Page 208. 

1,3-1= =4=5, 

2. 3-4= ±7. 

3. s-i==4=$. 

4. 3-J==4=^.. 

5. Not a square, 

6. 3+J==fc$. 

7. Not a. square, 

8. $+4= =4=9. 

9. 9. 

10. 4; 3*- 83 + 16 

=25> 

11. '4. 

12. 16.; z 2 -83 + 16 

= 36. 
14. 36; 3* + 12s+36 
= 49. 

Page 209. 

1. 9. 

2. 1. 

3. 36. 

4. 4. 

5. f. 

6. i 

7. 4. 

8. 9. 

Page 210. 

1. 3 = 2 or —4.. 

2. 3=i or —J. 

3. 3= 12 or -& 

4. 3=8 or 2. 

5. 3= lor -7. 
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Page 210. 

6. 3=2 or 1. 

7. £-1 or -$. 

8. 3 = } or —1. 

9. s=3 or -4. 
10. 3 = 3 or -6. 

Page 211. 

1. 3=12 or -6. 

2. 3=2 or -14. 
8. s=»2 or -12. 

4. 3 = 2 or —7. 

5. 3 = 20 or -4. 

6. 3 = — 1 or - 3. 

7. 3= for — y. 

8. 3 = 1 or — f. 

9. 3 = 6 or — 5. 

10. 3 = 3 or — 4. 

11. 3 = 3 or -2. 

12. 3 = 8 or 4. 

13. 3 = 4 or -2. 

14. 3 = 6 or -f. 

15. 3 = 7 or 1. 

16. 3 = 8 or -2. 

17. 3 = 6 or 4. 

18. 3=|orf. 

19. 3 = 4 or -J. 

20. 3 = 9 or -1. 

Page 213. 

1. 3 = f or 1. 

2. 3 = 3 or -V- 

3. 3 = 5 or - 9. 

4. 3= J or -J. 

5. 3 = 2 or -J. 

6. 3 = 3 or -2f. 

7. 3 = 1 or -2. 

8. 3 = 7 or —1. 

9. 3 = 3 or -6. 

10. 3=7 or 4. 

11. 3 = 4 or -J. 



Page 213. 

12. 3 = 1 or -5. 

13. 3-4 or -\. 

14. 3 = If or }. 

15. 3 = | or — |. 

1. Length, 10 rods ; 
width, 6 rods. 

2. 5 yards. 

3. 20 yards, at 16 

cents a yard. 

Page 214. 

4. 10. 

5. 9. 

6. 6 miles going ; 
8 returning. 

7. 4 going; 3 return- 

ing. 

8. 8. 

9. Man, 4 ; son, 12. 

10. A, 6 hours; *B, 10 

hours. 

11. 6 ? 

12. 4, 6, and 8 miles 

per hour. 

Page 215. 

1. 16 ah*. 

2. 81 *Y. 
3» a*b**x l *. 

4. c 12 d 8 3 6 . 

5. 2x*y. 

6. 3 03 1 . 

7. x*y. 

8. a 2 6». 

9. 2&d. 

10. 3m*n*. 

11. 7 a*x*. 

12. 2a*xy l . 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 

1. 
2. 
3. 
4. 
5. 
6. 



1. 
2. 
K 1 
4. 
5. 
6. 
7. 
8. 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 



Page 216. 

12. 

35. 

16. 

10. 

la. 

ab. 

43. 

12 axy. 

36 s . 

203V. 

9 a*. 
83y. 

14. 
24. 

4 €83*. 

46«. 

10 a*3. 
9c*3. 

Page 217. 

9vT£ 
42V3. 
163V5. 
ax*Vy. 
6bc*Vx. 
12 axy*Vy. 
10 ccPVc. 
28 b*cV$xy. 

Page 218. 

4 and 5. 
25 and 2. 
64 and 1. 
100 and 3. 
a* and a. 
a*x* and 3. 
a 4 ^ and a. 
3y and ax. 
9 3*y* and y . 
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Page 218. 

10. 4ayand7a. 

11. 9 6* and 5 be. 

12. 36a 2 6 2 and3ax. 

13. } and 5. 

14. i and 7. 

15. 2 4 5 and 3. 

16. A and 2 - 

17. y ¥ and 3. 

18. f J and 2. 

Page 219. 

1. 8 and 2. 

2. 27 and 4. 

3. 8 X* and a. 

4. 27 c'd 6 and c. 

5. 125# s z s and2afy. 

6. 8 6 3 c« and 6 a&V. 

1. 21/2. 

2. 3V2._ 

3. 101/2. 

4. 101/7. 

5. 121/2. 

6. al/ic. 

7. xyVy. _ 

8. Sa^l/a. 

9. 56*l/y. 

10. 4z 2 l/5~. 

11. a^. 

12. 8ai^a. 

13. 35aV#l/3s. 

14. Ilxy&y. 

15. 12^1/^. 

Page 220. 

16. 101^4. 

17. 241/2. 

18. 4a'vT5. 

19. 6a&cH/fc 



Page 220. 

20. 7 abxfrtix*: 

21. 4a 2 x 2 v / a. 

22. 10 ztyVZcL^ 

23. IS axy 2 VWz. 

24. 6y&2a&: 

25. 8&CVT&. 

26. Jl/3. 

27. fV^ 

28. Jl/15. 

29. £1/2. 

80. ^3. 

«• f 1/a. 

32. acl/c. 

33. i^- 



1. *vT. 

2. ii/5. 

3. il/6. 

4. 21/2L 

5. §1/10. 

6. }l/35. 

7. |l/2. 

8. Ji/6". 

9. Jl/15. 

Page 221. 

1. 61/5. 

2. 31/3. 

3. 9lh0. 

4. 4V7. 

5. 8l/iB. 

6. l^CKE. 

7. 71/2 + 21/5. 

8. 21^10 + 101/10. 

9. 41/ax-7l/2». 
10. 61/5^ + 41/15. 



,_ % 



Page 222. 

1. 121/6. 

2. 91/2. 

3. 131/5. 

4. 81^2. 

5. 2l/a._ 

6. ZaVx. 



7. 71/2 a. 

8. 231/10. 

Page 223. 

9. 21/3. 
10. 91/2. 

1. 41/2. 

2. 91/3. 

3. 1/3. 

4. 61/3. _ 

5. haVx. 

6. SxVbx. 



1. l/afy*. 

2. ^ Wcfo? . 

3. 1/49 a V« 

4. l^a^ 15 : 

Page 224. 

1. 1/63. 

2. 1/ 32. 

8. 1/25 a'a?. 

4. i^sa^*: 

5. vse^/ 5 ; 

6. 1/50. 

Page 225. 

1. Va* = a 9 . 

2. frb 9 = b'. 

3. Va*W~=d*b % . 

4. 4l/a ro =4a\ 
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Page 285. 

1. Va. 

2. 1/6*. 
8. i^F. 
4. 7l^a. 



5. 51/aS 5 : 

6. 4l^s 

7. 1^5. 

8. ^2a*z*7 

9. Way* 

10. v/i. 

11. 3zi 

12. a*. 

13. 2a& 
U. 2 J. 
15. Gzi^. 

Page 226. 

1. * , , 7 V 

2. x?, xt 

3. x*, x?, ai 

4. a&, 6&. 

5. c', C& 

6. a^ &i. 

1. I^f257 $$. 

2. l/'a 8 * 9 , l^i*- 
8. 4l 4/ a 8 , 2^0™ 
4. **S i^^i 8 , 

6. i^'a 18 , i^a*?, 
• Va*x 1 *: 
6. ^2« ^3* i^5«. 

Page 227. 

1. 31/10. 

2. 8V21. 



Page 227. 

8> 



8. 31/6 W. 

4. 2V3. 

5. 21^7. 

6. Vly. 

7. 401/1*. 

8. 21/f. 

9. 21^4*. 

Page 228. 

i. 2vm 

2. 8V7. 

8. 1^72. _ 

4. 3aV2x. 

5. xVay. 

6. i^: 

7. 151/3. 

8 - 3 V 4 

9. 1^3. 



10. J*f 

11. 4£o*i 

12. 2l/a. 



Page 229. 

1. Sx. 

2. 4 a. 

3. 6a?. 

4. 4:r. 

5. ar 8 .. 

6. a 4 . 

7. a* 

Page 281. 

1. x. 

2. a?-». 

3. 2 a* 

4. 2x. 

5. 5 a?- V 

6. 4a?- 1 y-». 



Page 231. 

7, afy- 4 . 

8, arty-V. 

9, Sa- 1 ^" 1 * 

10. z-y-. 

11. a 6 . 

12. a-\ 
18. «-«. 

14. a~ 5 2*. 

15. arty* 



Page 232. 
8 

x* 

4a 

^' 

2a; 

JL. 

a*6* 

a* 
10 a 8 



1. 



2. 



3 



4. 



6. 



7. 



8. 



9. 



c 2 

12 cd 

• 

xy* 

5a 8 c ) 



Page 233, 

3a* 



2. 



8. 



4. 



5. 



3 a*b*n 

» 

4 m* 

6a* 



a*y 
a*a* 



V* 



ANSWERS. 



27 



6. 



Page 238. 



1. 2a*bhfy. 

2. 3amn*. 

5. 2a&c 2 2fy». 

6. c^ftdm" 1 **. 



Page 234. 

2. Sa-W-Sy-*. 

3. x~*+xK 

4. 3«-V -Sa;- 1 

-2a*. 

5. lab-lab' 1 

+ 10 a'c- 1 . 



1. a*2* 

2. 6ca*-». 

3. lSa'arfy- 1 . 

4. Ga'cr'ar-*. 

6. 1. 

7. a*2:. 

8. 4 a. 

10. 3 a. 

11. ax. 

12. x*. 

13. x*. 

14. a* 

15. x^yl. 

16. afy-* 

17. 2c*d* 

18. 2a*y*. 



Page 286. 

19. jA 

20. 2ai&. 

1. 9l/a+4l^y. 

2. 13sVa-56- 1 

-20*1/0. 

3. 4&- l V*l-2l*y r . 

V5+2afy-\ 

4. 2yl/5- 2aty 

-6a:Vy. 

6. 2r 1 +2+22:+2; 2 . 

7. a*+2a£+2a;+a£. 

8. 2a* + 7a 2 + 5 

+ a~*. 

9. a:*+3a;+3a;*+a;i 

10. a+2a*6*+6. 

11. a*+a*&* + 6*. 

12. z- M +2z-*+2z- 1 . 

13. 2J+2?*+2& 

14. 2J-2T- 1 . 

Page 236. 

1. 3. 

2. 7. 
8. 5. 

4. 13. 

5. 1. 

6. 13. 

7. x+y. 

8. a(6 + c). 

9. 61/ aTft. 

10. 2Vx T =jj*. 

Page 237. 

11. V W^2 x. 

12. T/3xTT2. 

13. Va*=F. 

s 



Page 237. 

14. V&y- xy*. 

15. Va+x. 

16. a+6. 

1. 5. 

2. 14. 

3. 4x. 

4. x+4. 

5. 45^-18. 

6.^±i. 
26 

7. 83-I/2I. 

8. 4a;-a^. 

9. 2a;-4. 

Page 288. 

1. 27-4V2J + 4. 

2. 16-8VSz + Sx. 
8. 4-121/227+182?. 
4* x-2Vx*+2x+x 
+ 2. 

5. x*+2xVx-4+x 

-4. 

6. 92? 2 -62;l/92? J -22; 

+92; 2 -22J. 

7. 3 = 25. 

8. 2?+l=9. 

9. a;=22;-8. 

10. 4ai=2:+4V / a!+4. 

Page 239. 

1. 21 = 3. 

2. a:=4. 

3. 2;=4. 

4. 2: =7. 

5. 2;=5 or 1. 

6. 2J=6. 

7. 2;=8. 

8. 2:*=4orO. 

9. x= ±3. 
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Page 299. 


10. 


a?=y 


11. 


a?=5 or — & 


12. 


s-9 or 6, 


13. 


x — 6 or 4. 


14. 


a:— 5. 




Page 240. 


1. 


2. 


2. 


4. 


8. 


5. 


4. 


J- 


5. 


i- 


6. 


i- 


7. 


f : 


8. 


A«rf- 


9. 


*or|« 


10. 


A«f 


11. 3. 


12. 


3. 


13. 


7. 


14. 


i- 


15. 


i. 


16. 


i- 


17. 


J. 


18. 


2. 


19. 


12. 


20. 


i- 


1. 


3:1 :: 2:f 


2. 


4 : 6 : : 6 : 9 



ANSWERS. 




Pa§eg40. 


Page 243. 


3. 2 : 8 : : 1 : 4. 


1. a?=3. 


4. 5:J :: 20:2. 


2. a; =10. 




8. a=-5. 


Page 241. 


4. a?=2; y = 8. 


1.9:3 :: 1: J. 


5. a; =10; y*-*. 


2. 5:12.:: 10:24. 


6. a; = 7; y—4. 


9. £ : 10 : : 3 : 15. 


7. «=5; y=l. 


4. i:4 :: 2:16. 


8. a;=4;y=8; 


5. fi : } : : 18 : 2. 


*-l. 




9. a;=»«; y-2; 


Page 242. 


2-4. 


1. 1 : 3 : : 2 : 6. 


10. a;=6; #=2. 


2m a : b : : c : d. 


11. s-ABor ±6; 


3. 3:4 : : a; : y. 


y= ±6 or ^8, 


4. a;+y:3::a?-2:4. 


12. x =17. 


5. 5^ + 1 :€ :: 3:4. 


13. # = 9 or 8. 


0. I — A* 


.14. «=5x>r — f. 


7. *=¥• 




c a ft 

o. = — 




Page 244. 


a: * 


1. 28 and 8. 

2. 10. 


10. ^|-i. 

a; - 3 


3. 100 and 59. 

4. $4000, $6009, 




jPoUvU. 


1. 3a: = 5 a:- 15. 


5. 21 omtees. 


2. 7a;=2y. 


6. A, 36; B, 45. 


3. a: + 3 = 3a;-15. * 


7. A, 900 ; B, 2100. 


4. 2a; = 3a;-l. 


8. 2J pounds. 


5. 2a:+2y = 3a;-5!y. 


9. 140 acres. 


6. 3a?+15 = 35-5x. 





/ 



